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ABSTRACT
The m a in  i d e a  i n  t h i s  d i s s e r t a t i o n  i s  t h e  d e v e lo p m e n t  o f  
a  new a p p r o a c h  t o  t h e  w e l l  known e x a c t  s e q u e n c e  b y  M. K n e b u sc h  
a n d  ¥ .  S c h a r l a u ;  s e e  [ 1 4 ] .  T h i s  e x a c t  s e q u e n c e  o f  W i t t  r i n g s  
i s
0  W(D) W(F) 2^W (D/P) -̂ 75 -♦ 0
C^
w h e re  F i s  t h e  q u o t i e n t  f i e l d  o f  a  D e d e k in d  dom ain  D , P 
i s  a  p r im e  i d e a l  o f  D an d  C i s  t h e  i d e a l  c l a s s  g ro u p  o f  D .
We w i l l  d e v e l o p  t h i s  new a p p r o a c h  b y  p r o v i n g  tw o m a in  
t h e o r e m s .  The f i r s t  o f  t h e s e  t h e o r e m s  i s  t h e  f o l l o w i n g  i s o m o r ­
p h i s m ,  s e e  C h a p te r  I I I ,
W(T ( F / D ) ) = 2® W (D /p)
P
w h e re  W (T (F /D ))  i s  t h e  W i t t  g r o u p  o f  f i n i t e l y  g e n e r a t e d  
t o r s i o n  m o d u le s  w i t h  t h e  v a l u e s  o f  b i l i n e a r  fo rm  i n  F /D  .
En r o u t e  t o  p r o v i n g  t h i s  i s o m o r p h is m ,  we g e n e r a l i z e  t h e  f u n d a ­
m e n t a l  th e o r e m  o f  f i n i t e l y  g e n e r a t e d  t o r s i o n  m o d u le s  o v e r  a  
D e d e k in d  d o m a in ,  ( s e e  C h a p te r  I I )  . The s e c o n d  o f  t h e  a f o r e ­
m e n t io n e d  th e o r e m s  e s t a b l i s h e s  t h a t  t h e  s e q u e n c e
v
vi
0 -♦ W(D) •* W(F) -» :¥ (T (F /D ))
i s  e x a c t .  0011113111100 t h e s e  tw o th e o r e m s ,  we show t h a t  t h e  
s e q u e n c e s
0 -► W(D) -* W(F) •* A ( D / P )
P
0 -* W(D) •+ W(F) •* W (T (F /D ))  ■+ “► 0
0
a r e  e x a c t .
We w i l l  e q u ip  e v e r y  m odule  w i t h  a  g ro u p  a c t i o n  o f  G a s  
a  g ro u p  of. D - l i n e a r  a u to m o rp h is m s  t o  o b t a i n  a  new e x a c t  
s e q u e n c e ,  ( s e e  C h a p te r  XV),
0 *+ W(G;D) -* W(GjF) •* W (G ;T (F /D )) .
F o r  t h i s  p u r p o s e ,  we m u st  g e n e r a l i z e  t h e  d e f i n i t i o n  o f  
W i t t  e q u i v a l e n c e  so  t h a t  t h e  m odule  may be a c t e d  on by  
G . T h e r e f o r e ,  i n  C h a p te r  I ,  we m u s t  p r o v e  t h a t  t h e  r e l a t i o n  
i s  i n d e e d  an e q u i v a l e n c e  r e l a t i o n  an d  p r o v e  t h e  a n i s o t r o p i c  r e ­
p r e s e n t a t i o n  th e o re m  u n d e r  t h e  g e n e r a l i z e d  d e f i n i t i o n  o f  W it t  
e q u i v a l e n c e .
F i n a l l y ,  we a p p ly  t h e  e x a c t  s e q u e n c e  in  C h a p te r  IV t o  th e  
b o r d i s m  t h e o r y  and  cohom ology  t h e o r y  o f  m a n i f o l d s .  We o b t a i n  
an i m p o r t a n t  r e s u l t  ( C h a p te r  V, s e c t i o n  5 ) t h a t  t h e  im age  o f  
i n n e r  p r o d u c t  t o r s i o n  m o d u le  d e r i v e d  f ro m  t h e  m a n i f o ld  u n d e r  • 
t h e  b o u n d a ry  o p e r a t o r  c o i n c i d e s  w i th  t h a t  d e r i v e d  from  t h e  
b o u n d a ry  o f  a  m a n i f o l d .
INTRODUCTION
The q u a d r a t i c  f o r m s  o v e r  i n t e g e r s ,  r a t i o n a l  n u m b e rs  a n d  
D e d e k in d  d o m a in s  a r e  d i s c u s s e d  I n  [ 2 0 ] ,  p a r t  I I I  a n d  P a r t  IV .  
I f  t h e  q u a d r a t i c  f o r m  on a  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  
A -m odule  V i s  d e f i n e d  a s  a  map
q : V -> A
s u c h  t h a t
p
q ( o x )  = a  q ( x )  , a  e A
and
b ( x , y )  = q(x+y)  -  q ( x )  -  q (y)
i s  b i l i n e a r ,  w h e re  A i s  an  i n t e g r a l  d o m a in ,  a n d  i f  2  i s  
a  u n i t  I n  A , t h e n  a  q u a d r a t i c  f o r m  q d e t e r m i n e s  a  sym­
m e t r i c  b i l i n e a r  fo r m  b an d  v i c e  v e r s a  b yq
2 b ( x , y )  = b ( x , y )  = q ( x + y )  -  q ( x )  -  q ( y )  
q ( x )  = b ( x , x )  .
H o w ev e r ,  i f  2 i s  n o t  a  u n i t  i n  A , t h e n  t h e  t h e o r y  o f  
q u a d r a t i c  f o r m s  a n d  t h e  t h e o r y  o f  s y m m e t r ic  b i l i n e a r  f o r m s
1
2
d i v e r g e .  We a r e  m a i n l y  i n t e r e s t e d  i n  t h e  s y m m e t r i c  b i l i n e a r  
f o r m s  i n  t h i s  d i s s e r t a t i o n .
I n  a p p e n d i c e s  I  a n d  I I  o f  [ 9 ] j H i r z e b r u c h  a n d  S c h a r l a u  
d i s c u s s  t h e  r e l a t i o n  b e tw e e n  t h e  G r o t h e n d i e c k  g r o u p  o f  n o n ­
s i n g u l a r  s y m m e t r i c  b i l i n e a r  f o r m s  a n d  W i t t  g r o u p .
Some o f  t h e  W i t t  r i n g s  W(D) o f  f i n i t e l y  g e n e r a t e d  p r o ­
j e c t i v e  D -m o d u le s  o v e r  a  D e d e k in d  d o m a in  D h a v e  b e e n  c o m p u te d .  
F o r  e x a m p le ,  l e t  D = Z , t h e n  W(Z) = Z ;  l e t  D *= R , t h e n  
W(R) = Z ; l e t  D = C , t h e n  W(C) = Z£ , t h e  f i e l d  o f  tw o
e l e m e n t s ;  l e t  D = Z , t h e n  W(Z ) = Zj, i f  p  = 3 (mod 4 )  ;
r  r  '
W(Zp) = Z2© Z2 if* P = 1 (mod 4 )  ; l e t  D = Z2 > t h e n
■Jfr
W(Zg ) = Z2 , s i n c e  e v e r y  e l e m e n t  i n  Z2 ( t h e  s e t  o f  u n i t s )  i s  
a  s q u a r e ,  s e e  [ 1 9 ] ,  p .  6 6 ;  l e t  D = Q , t h e n  
W(Q) = 2 ® ;p r in i e s  W(Zp ) = Z©E®Z2©E@Z^ . A l l  o f  t h e s e  r e s u l t s  
c an  b e  f o u n d  i n  [1 9  ] .  The l a s t  i s o m o r p h i s m  i s  f r o m  an e x a c t  
s e q u e n c e  i n  t h e  p a p e r  b y  K n e b u sc h  a n d  S c h a r l a u ,  s e e  [ 1 4 ] ,  w h ic h  
s t a t e s  t h a t  t h e  s e q u e n c e
0 -♦ W(D) -♦ W(F) -* E® (D/P) 4 I 4  0
P C
i s  e x a c t ,  w h e re  C i s  t h e  i d e a l  c l a s s  g ro u p  o f  t h e  D e d e k in d
dom ain  D . L e t  D — Z , t h e  s e q u e n c e
0 -* W(Z) -» W(Q) -> Z % ( Z )  -+ 0
P P
i s  t h e n  s p l i t  e x a c t .
3
The m ain  g o a l  i n  t h i s  d i s s e r t a t i o n  i s  t o  p r o v i d e  a  d i f ­
f e r e n t  a p p r o a c h  t o  t h e  a b o v e  e x a c t  s e q u e n c e  so  t h a t  we c an  
e q u ip  e v e r y  m odule  w i t h  a  D - l i n e a r  g ro u p  a c t i o n  G t o  g e t  
a  new e x a c t  s e q u e n c e
0 -* W(GjD) W(GjF) -# W (G ;T (P /D ))  .
I n  o r d e r  t o  r e a c h  t h i s  g o a l ,  we w i l l  d e f i n e  t h e  W i t t
g ro u p  W( T ( P /D ) )  o f  f i n i t e l y  g e n e r a t e d  t o r s i o n  m o d u le s  o v e r  a
D e d e k in d  dom ain  a n d  d e s c r i b e  t h e  i s o m o r p h is m  b e tw e e n  W (T (F /D ))
a n d  2®W(D/P) , w h e re  F i s  t h e  q u o t i e n t  f i e l d  o f  D a n d  P 
P
i s  a  p r im e  i d e a l  o f  D -
C h a p t e r  I  w i l l  d e f i n e  t h e  W i t t  g ro u p  o r  W i t t  r i n g  f o l l o w i n g  
t h e  g e n e r a l i z e d  d e f i n i t i o n  b y  C o n n e r  [ 3 ] ,  i n s t e a d  o f  t h e  d e f i ­
n i t i o n  i n  [1 9 ] an d  d i s c u s s  t h e  s p l i t  t o r s i o n  m o d u le s  a n d  a n i s o ­
t r o p i c  t o r s i o n  m o d u le s .  F u r t h e r m o r e ,  we w i l l  p r o v e  t h e  W i t t  
e q u i v a l e n t  r e l a t i o n  i n  t h e  s e n s e  o f  t h e  g e n e r a l i z e d  d e f i n i t i o n  
o f  C o n n e r .
I n  C h a p te r  I I ,  we g e n e r a l i z e  t h e  f u n d a m e n ta l  t h e o r e m  o f  
f i n i t e l y  g e n e r a t e d  t o r s i o n  m o d u le s  o v e r  a  D e d e k in d  dom ain  a n d  
p r o v e  some t h e o r e m s  a b o u t  t h e  c a s e  when D i s  a  l o c a l  r i n g  a s  
a  d i g r e s s i o n .  In  C h a p te r  I I I ,  we a p p l y  t h e  g e n e r a l i z e d  th e o r e m  
o f  C h a p te r  I I  t o  p r o v e  t h e  I so m o rp h ism
W (T (F /D )) = E®W(D/P)
P
a n d  t h e  e x a c t  s e q u e n c e
4
0 -* W(D) -* W(F) -* W (T (F /D ))  ■> -2* -* 0 .
C
Up t o  t h i s ,  we h a v e  p r o v e d  t h e  w e l l  known e x a c t  s e q u e n c e
0 •» W(D) ■+ W(F) -* E®W(D/P) -* -2- ■+ 0
Cd
b y  a new a p p r o a c h  p u t t i n g  t h e  i s o m o rp h is m  and e x a c t  s e q u e n c e  
t o g e t h e r .
S i n c e  we can  p u t  g ro u p  a c t i o n  o f  G on a  t o r s i o n  m o d u le ,  
i n  C h a p t e r  IV , we w i l l  e q u ip  e v e r y  k i n d  o f  m o d u le ,  su c h  a s  
f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  m o d u le s ,  v e c t o r  s p a c e s ,  f i n i t e  
m o d u le s  o r  t o r s i o n  m o d u le s  w i t h  g ro u p  a c t i o n  o f  G . We d e n o t e  
t h e  m o d u le  w i t h  g r o u p  a c t i o n  b y  (GjM) . We w i l l  t h e n  o b t a i n  
t h e  e x a c t  s e q u e n c e  w i t h  a c t i o n
0 -* W(GjD) -> W (G;F) -> W (G jT (F /D )) .
As we know t h e  c o n c e p t  o f  a  s p l i t  i n n e r  p r o d u c t  s p a c e  
i s  c l o s e l y  r e l a t e d  t o  c o b o rd i s m  t h e o r y .  A c c o r d in g  t o  Thom [ 2 3 ] ,  
i f  t h e  c l o s e d  m a n i f o l d  M2n b o u n d s  a  co m p ac t m a n i f o l d  K2n‘f*"1' , 
t h e n  t h e  k e r n e l  K o f  t h e  i n c l u s i o n  hom om orphism
Fn (M2lV )  -» Hn (W2 n+ 1^F)
s a t i s f i e s  £3(K,K)-0 a n d  r a n k  (K) r a n k  (Hn (M2 n j F ) )  , w h e re  
F i s  a  c o e f f i c i e n t  f i e l d .  T h e r e f o r e  K = K-1 , s o  t h a t  t h e  
i n n e r  p r o d u c t  s p a c e  Hn (M ; F )  i s  s p l i t .  (Com pare [ 1 0 ] ,  
p .  8 4 , § 8 . )  We w i l l  h a v e  some b e a u t i f u l  r e s u l t s  i n  C h a p te r  V
5
a s  t h e  a p p l i c a t i o n  o f  W i t t  r i n g s  ( g r o u p s )  t o  co h o m o lo g y  t h e o r y .
B e f o r e  we e n d  t h e  i n t r o d u c t i o n ,  we w o u ld  l i k e  t o  com pu te  
some c o n c r e t e  e x a m p le s  o f  W i t t  r i n g  o f  q u a d r a t i c  fo r m s  b y  t h e  
c l a s s i c a l  m e th o d  r a t h e r  t h a n  t h e  c o m p l i c a t e d  m e th o d  o f  b i ­
l i n e a r  f o r m s .  I f  t h e  q u a d r a t i c  fo rm  i s  o v e r  Z^ * t h e n
2 2 2 2 ~  x  +y = - x  - y  , = i n d i c a t e s  q u a d r a t i c  fo rm  e q u i v a l e n c e .  The
2 2 2 2 i d e a l  (x - y  ) g e n e r a t e d  b y  x - y  i s  e q u i v a l e n t  t o  0 . And
2 2 W 2 2x +y ~ - x  - y  . By t h e  f o l l o w i n g  t a b l e  u n d e r  t h e  o p e r a t i o n  ©
© 0 x 2 - x 2 2  2  x c +y
0 0 2X - x 2 2  2  x  +y
2 2 2 .  2 2X X x c +y 0 -X
2 2 0 2  , 2 2-X -X x  +y X
2 ,  2 2 ,  2 2 2 0x +y x  +y - X X
a n d  t h e  m u l t i p l i c a t i o n  ® w i t h  t h i s  r u l e :
( x 2 + 2 x | )  ® ( - y 2 + y 2 + 3y3 )
= - t 2  + t |  + 3 t 2 -  2 t 2  +  2 t 2 + 6 t 2 (mod Z3 ) ,
we know W(Z^) = f x 2 , - x 2 , x 2+y2 ,  0 ]  = .
S i m i l a r l y ,  i f  t h e  q u a d r a t i c  fo rm  i s  o v e r  Z„ , t h e n
D
W (Z^) = Z ^)Z 2 j a  f o u r  g r o u p .
I f  t h e  q u a d r a t i c  fo rm  i s  o v e r  R , t h e  r e a l  n u m b e rs ,
^  2 p 2  2
t h e n  W(R) = Z s i n c e  x + y V  - x  - y  o v e r  R a n d  by t h e  
f o l l o w i n g :
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d i m . 1 : x 2 i
d im ..  2  : x 2+ y 2
d i m . 3 :
2d im .  n : E x .
1=1 1 1=1
T h e r e f o r e ,  W(R) = Z a f t e r  c o m p a r in g  t h e  d i m e n s i o n s  a n d  Z .
I f  t h e  q u a d r a t i c  f o r m  i s  o v e r  C ,  t h e n  W(C) =
2 2 2 W Ps i n c e  x  + a y  = 0 i s  s o l v a b l e  o v e r  C a n d  x  ~  - y  ,
W(C) = f 0 , x 2 } .
By t h e  w ay , we s h o u l d  m e n t i o n  h e r e  t h a t  t h e  w o rk  a b o u t  
W i t t  r i n g  ( g r o u p )  i n  [ 1 9 ]  i s  t h e  c a s e  o f  f i n i t e l y  g e n e r a t e d  
p r o j e c t i v e  m o d u l e s ; a n d ,  t h e  w o rk s  i n  [ 1 ]  a n d  [ 2 4 ]  a r e  t h e  c a s e  o f  
f i n i t e  m o d u l e s .  T h i s  d i s s e r t a t i o n  w i l l  d e a l  m a i n l y  w i t h  
f i n i t e l y  g e n e r a t e d  t o r s i o n  m o d u l e s .
I n  t h i s  d i s s e r t a t i o n ,  i f  we q u o t e  a  lemma o r  a  t h e o r e m  
w i t h o u t  i n d i c a t i n g  t h e  c h a p t e r ,  we w i l l  mean t h a t  lemma o r  t h a t  
t h e o r e m  i n  t h e  sam e c h a p t e r .  F o r  e x a m p le ,  i f  i n  C h a p t e r  I I I ,  
we q u o t e  Lemma 2 . 1 ,  t h e n  we mean t h a t  lemma o f  C h a p t e r  I I I .  I f  
i n  C h a p t e r  I I I ,  we q u o t e  a  lemma o f  C h a p te r  I ,  we w i l l  s a y  
Lemma 2 . 1 ,  C h a p t e r  I .
CHAPTER I
THE WITT GROUP OP FINITELY GENERATED TORSION MODULES 
OVER A DEDEKIND DOMAIN
§ 1 .  Some P r e l i m i n a r y  D e f i n i t i o n s  .
I n  t h i s  d i s s e r t a t i o n *  u n l e s s  o t h e r w i s e  s p e c i f i e d *  D 
w i l l  d e n o te  a  D e d e k in d  d o m ain  w i t h  q u o t i e n t  f i e l d  F . R e c a l l  
t h a t  a  D e d e k in d  dom ain  i s  an  i n t e g r a l  dom ain  i n  w h ic h  a n y  n o n ­
z e r o  i d e a l  c an  h e  e x p r e s s e d  u n i q u e l y  a s  a  p r o d u c t  o f  m ax im al 
i d e a l s .
An i n n e r  p r o d u c t  m o d u le  (M ,p) o v e r  D i s  a  D -m odule  M 
t o g e t h e r  w i t h  a  b i l i n e a r  f o r m  0:MxM -* K a n d  w i t h  t h e  n o n ­
s i n g u l a r  c o n d i t i o n  t h a t  M = HonipfMjK) * w h e re  K i s  a  
D -m o d u le  an d  K i s  s u i t a b l y  c h o s e n  a c c o r d i n g  t o  t h e  c o n d i t i o n  
o f  M . F o r  e x a m p le ,  i f  M i s  a  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  
m od u le*  th e n  K = D i s  c h o s e n ;  i f  M I s  a  v e c t o r  sp a c e *  t h e n  
K = F and  D = F a r e  c h o s e n ;  i f  M i s  f i n i t e l y  g e n e r a t e d  
t o r s i o n  module* K = F/D i s  c h o s e n ;  e t c .
We s h o u ld  o b s e r v e  t h e  f o l l o w i n g  r e m a r k .  I f  (M*p) i s  
a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D -m odule  w i t h  t h e  b i l i n e a r  fo rm
7
8
P , t h e n  we c h o o s e  t h e  v a l u e s  o f  (3 I n  F /D  b y  t h e  f o l l o w i n g  
r e a s o n . .  Suppose  d /  0 a n d  dx = 0 . I f  p ( x , y )  e D , t h e n  
P ( d x , y )  = d p ( x ,y )  = 0 . I t  f o l l o w s  t h a t  p ( x , y )  = 0 f o r  a l l  
y  e M ; an d  s i m i l a r l y ,  P ( x , y )  = 0 f o r  a l l  x  e M . T h e re ­
f o r e ,  p ( x , y )  = 0 f o r  a l l  x  and  y  I n  M , t h e  b i l i n e a r
fo rm  (3 i s  t r i v i a l ,  and  t h i s  i s  n o t  t h e  c a s e  we w a n t .
D e f i n i t i o n  1 . 1 . A b i l i n e a r  fo rm  o r  an  i n n e r  p r o d u c t  i s  
sy m m e tr ic  i f  P ( x , y )  = P ( y , x )  f o r  a l l  x  and  y  . S i m i l a r l y ,  
i t  i s  skew-  sy m m e tr ic  i f  P ( x , y )  = -p  ( y , x )  f o r  a l l  x  and  y
an d  s y m p l e c t i c  ( o r  a l t e r n a t i n g ) I f  p ( x , x )  = 0 f o r  a l l  x  .
D e f i n i t i o n  1 . 2 . Two e l e m e n t s  x  and  y  o f  an i n n e r  p r o d u c t  
m o d u le  a r e  c a l l e d  o r t h o g o n a l  i f  p ( x , y )  = 0 e K .
Lemma 1 . 3 » L e t  (M -^ p ^ ) ,  • • • ,  ( ^ , j P n ) i n n e r  p r o d u c t  m o d u le s  
o v e r  D , w i th  b i l i n e a r  fo rm s  r e s p e c t i v e l y .  I f
K i s  a  D-m odule and  a l s o  a  r i n g ,  t h e n  t h e  t e n s o r  p r o d u c t  
M-j® * • ■ ®M̂  o v e r  D can b e  made i n t o  an  i n n e r  p r o d u c t  m odule  
w i t h  u n iq u e  b i l i n e a r  fo rm  P on M-̂ ® • • * w h ic h  s a t i s f i e s
t h e  i d e n t i t y
n
p f x ^ ®  • • •  ® x n , y 1 ®  . * •  ® y  )  =  n p / x p y /
i = l
f o r  a l l  x i  and  y i  i n  X ^ , l < i < n ,  s e e  [ 1 9 ] ,  p .  1 0 .  
S i m i l a r l y ,  i f  K i s  a  D -m o d u le , t h e n  t h e  o r t h o g o n a l  sum 
Mj© * * * ©M  ̂ i s  d e f i n e d  t o  b e  t h e  d i r e c t  sum o f  m o d u le s  
w i t h  b i l i n e a r  fo rm  p d e f i n e d  b y  t h e  e q u a t i o n
9
n
0 (x-j© • • •  ©xn , y 1© • • •  ©yn ) = £  P i ( x i ^ y i )  •
We s h o u l d  c l a r i f y  h e r e  t h a t  i f  t h e  v a l u e  o f
0 1 *0 2 * ***J Pn a r e  ^  D o r  I n  F * t h e n  t h e  t e n s o r  p r o d u c t
n
c an  h e  made i n t o  an  i n n e r  p r o d u c t  0 = n  0* . H o w ev e r ,  i f
i = l  1
t h e  v a l u e s  o f  0 ^ , * • * * 0 ^ , *  * **0n a r e  i n  F /D  , t h e n  t h e  p a i r  
/ n(M,® • • •  ®M , 1 1 0 * )  i s  n o  l o n g e r  an  i n n e r  p r o d u c t  m o d u le  
»  1=1
s i n c e  II 0* = 0 i s  n o t  w e l l  d e f i n e d .
i = l  1
D e f i n i t i o n  1 . 4 . L e t  N b e  a  su b m o d u le  o f  M , K'L d e n o t e s  t h e
o r t h o g o n a l  com plem en t o f  TJ , w h ic h  c o n s i s t s  o f  a l l  x  e M
s u c h  t h a t  0 (x ,N )  = 0  .
D e f i n i t i o n  1 . 5 . A s y m m e tr ic  i n n e r  p r o d u c t  m od u le  M o v e r  D 
i s  s p l i t  i f  t h e r e  e x i s t s  a  su b m o d u le  N c M , s u c h  t h a t  N 
i s  p r e c i s e l y  e q u a l  t o  i t s  own o r t h o g o n a l  com plem en t N"*- .
T h i s  d e f i n i t i o n  i s  som ew hat m ore  g e n e r a l  t h a n  t h e  d e f i ­
n i t i o n  i n  M i l n o r  a n d  H u s e m o l le r  [ 1 9 ] .  T h i s  g e n e r a l i z e d  d e f i ­
n i t i o n  i s  i n  C o n n e r  [ 3 ] ,  p .  1 7 -
D e f i n i t i o n  1 . 6 . Two s y m m e tr ic  i n n e r  p r o d u c t  m o d u le s  (M ,0)
, t 1
a n d  (M ,0  ) o v e r  D b e l o n g  t o  t h e  same W i t t  c l a s s , w r i t t e n
M i i  M1 o r  s im p ly  M ~  M* , i f  (M ,0) © i s  s p l i t .
We w i l l  u s e  M © (-M ) t o  d e n o te  (M ,0) © (m ' , - 0 1 ) .
C l e a r l y ,  i f  M i s  a  s p l i t  i n n e r  p r o d u c t  m o d u le  t h e n
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M ~  0 , s i n c e  M©{-0) i s  s p l i t .  So i f  M ~  M* , t h e n
M © (-M* ) ~  0 .
We w i l l  p r o v e  t h i s  i s  an  e q u i v a l e n c e  r e l a t i o n  a n d  t h a t  
t h e  c o l l e c t i o n  W(K) o f  a l l  W i t t  c l a s s e s  o f  sy m m etr ic  i n n e r
p r o d u c t  m o d u le s  o v e r  D w i t h  v a l u e s  i n  K fo rm s a  c o m m u ta t iv e
r i n g  w i t h  1 i f  K i s  a  D -m odule  a n d  a l s o  a r i n g ;  an d  t h a t  W(K)
fo rm s  an a b e l i a n  g ro u p  i f  K i s  o n ly  a  D -m odu le , u s i n g  t h e  
o r t h o g o n a l  sum a s  a d d i t i o n  a n d  t h e  t e n s o r  p r o d u c t  a s  m u l t i p l i ­
c a t i o n .  W(K) i s  c a l l e d  t h e  W i t t  r i n g  o f  K i f  t h e  i n n e r  
p r o d u c t  m o d u le s  a r e  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  D -m o du les  
w i t h  {3 -v a lu es  i n  D o r  i f  t h e y  a r e  f i n i t e  d i m e n s io n a l  v e c t o r  
s p a c e s  w i t h  v a l u e s  i n  a  f i e l d  F . The W i t t  r i n g  W(D) o r  
W(F) i s  t r e a t e d  i n  [1 9 ]*  H ow ever, we w i l l  m a in ly  d e a l  w i t h  
f i n i t e l y  g e n e r a t e d  t o r s i o n  i n n e r  p r o d u c t  m o d u le s  i n  C h a p te r s  
I ,  I I  a n d  I I I .  In  o r d e r  t o  d i s t i n g u i s h  t h e  W i t t  g ro u p  o f  
f i n i t e l y  g e n e r a t e d  t o r s i o n  m o d u le s  from  t h e  W i t t  r i n g  o f  
f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  m o d u le s ,  we d e n o te  t h e  W it t  g ro u p  . 
o f  t h e  t o r s i o n  D-m o d u le s  a s  W (T (F /D ))  w i t h  ^ - v a l u e s  i n  F/D .
§ 2 . The W i t t  E q u iv a le n c e  R e l a t i o n
In  t h i s  s e c t i o n ,  u n l e s s  o t h e r w i s e  s p e c i f i e d ,  a l l  m o d u le s  
w i l l  be f i n i t e l y  g e n e r a t e d  t o r s i o n  m o d u le s .  The f i r s t  lemma 
p r o v e s  t h a t  t h e  subm odule  A c  M h a s  t h e  p r o p e r t y  t h a t  
A = (A ‘l) 'l f o r  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  m odule  M . I f  
M i s  a  f i n i t e  d im e n s io n a l  v e c t o r  s p a c e ,  t h e n  i t  i s  t r i v i a l
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t h a t  A = ( k x ) x j i f  M i s  a  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  
m o d u le ,  (Ai ) ‘L d o e s  n o t  g e n e r a l l y  e q u a l  A . H o w e v e r ,  we 
w i l l  d i s c u s s  t h i s  c a s e  l a t e r  i n  ( 2 . 1 0 )  r e m a r k s .
Lemma 2 . 1 . I f  M i s  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D - m o d u le ,  
a n d  (M ,p )  i s  an  i n n e r  p r o d u c t  m o d u le  w i t h  v a l u e s  i n  F /D  = K ,  
w h e re  F i s  t h e  q u o t i e n t  f i e l d  o f  a  D e d e k in d  dom ain  D , t h e n  
A = ( A x ) x  .
P r o o f . S i n c e  M i s  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D -m o d u le ,  
hy  C a r t a n  a n d  E i l e n b e r g  [ 2 ] ,  p .  1 3 7 j we h a v e
M = Hon^M,K) = T o r ^  (M,K) = H o m ^ H o m ^ M jK )  ,K )
a n d
( 5 . 1 )  A = HomD (HomD(Homr | ( A ,K ) ,K )
w h e re  M = Hom^fM,K) s i n c e  M i s  a n  i n n e r  p r o d u c t  m o d u le  w i t h  
K - v a l u e s .  I t  f o l l o w s  t h a t  t h e  f o l l o w i n g  s e q u e n c e s  a r e  e x a c t ,
( 5 . 2 )  0 -* A1 *♦ .M HomD(A,K) 0
0 *♦ A x ■+ Hom“j(M,K) -» HomD (A,K) *♦ 0
an d
( 5 . 3 )  0 -> (AX) x -+ M -♦ H o m ^ A ^ K )  0 .
K = F /D  i s  d i v i s i b l e , s e e  [ 2 ] ,  p .  1 2 9 .  S i n c e  D i s  a  
D e d e k in d  dom ain  a n d  F i s  t h e  q u o t i e n t  f i e l d  o f  D , we h a v e  
K = F /D  i s  an i n j e c t i v e  D -m o d u le ,  s e e  [ 2 ] ,  p .  1 3 4 .  T a k i n g
t h e  Horn f u n c t o r  i n  ( S . 2 ) ,  we o b t a i n  t h e  f o l l o w i n g  e x a c t  
s e q u e n c e
0 -* HomD (Hom;D(AJ K ) ,K )  -♦ Hom^(M,K) ->
Hom^fA^jK) E x t  (H o m ^ A , K) ,K )  •+ * • • .
By t h e  t h e o r e m s  i n  [ 1 1 ] , p p .  1 4 5 -1 4 9 *  t h e  a b o v e  s e q u e n c e  
a n d  ( S . l ) ,  i t  f o l l o w s  t h a t  t h e  s e q u e n c e s
0 -+ HoiHpfHompfA^K) ,K )  -* Homr j (M,K) ■+ H o n ^ f A ^ K )  ■+ 0
( S . * )  I l l  I I I  I 14
0 -* A -* M -* Hom^fA^jK) -* 0
a r e  e x a c t .
C o m b in in g  ( S . 3 )  a n d  ( S . 4 ) ,  t h e  f o l l o w i n g  s e q u e n c e s  a r e  
e x a c t :
0 *  A ■* M -*■ H o n ip fA ^K ) -► 0 
4  i  4  i d  ^  i d  
0  -► (Ax ) 'l  -*■ M •* Homr | (A-L,K )  ■* 0
w h e r e  i  i s  an  i n c l u s i o n  map s i n c e  A c  (A'L) 'L .
From t h e  3x3  lemma ( s e e  [ 1 6 ] ,  p .  4 9 ) *  a n d  t h e  com m uta­




0 -» o  -* 0 -* 0 -♦ 0
+  p * P 4r
0 ■+ A -* M -+ Hamr ,(A 1,K ) -> 0
i d  p ^  i d




we h a v e  A -> (A1 )"1 i s  o n to  a n d ,  h e n c e ,  A = (Ax ) x .
Lemma 2 . 2 . I f  ( S , 0 )  i s  a  s p l i t  t o r s i o n  m o d u le  a n d  L c  S 
i s  a  m a x im a l  s e l f - a n n i h i l a t i n g  s u b m o d u le  ( i . e . ,  m a x im a l  w i t h  
r e s p e c t  t o  L c  L x ) , t h e n  L = L x , w h e re  L x I s  t h e  o r t h o ­
g o n a l  c o m p lem e n t  o f  L i n  S .
We w i l l  c a l l  L a  s p l i t t e r  i n  t h e  s p l i t  m o d u le  S i f  
L = L x .
P r o o f . L e t  N c  S b e  t h e  s p l i t t e r  s u c h  t h a t  N = Nx . Con­
s i d e r  L +  (NflLx ) . L e t  e L , e L x n N .
p { i + i 1 = 0 ( 4 , ^ )  + 0(j t , i \ )  + 0 ( j e ' , J&1 ) + 0(je' , je^) = o .
So L + (wrtLx) c  [L  + (NflLx ) ] x . L = [L  + (NflLx ) ] s i n c e  L
i s  a  m a x im a l  s e l f - a n n i h i l a t i n g  s u b m o d u le .  We o b t a i n  N fl L x c  L .
S i n c e  N = Nx , we w i l l  h av e
(N + L )x = (NJr iL X) = W n L X c  L .
T a k in g  t h e  o r t h o g o n a l  c o m p lem e n t o f  a b o v e  i n c l u s i o n ,  we g e t
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(N+L) => L x . L e t  JL * e L x , we h a v e  jG' = jG+n , n e N a n d
i ,
jG e L . H ence , n = jG -  i  , a n d  n e L 0 N f o r
jG e L c  L x . So ,G' = n+4 € L + (NHL1 ) > c o n s e q u e n t l y ,
L x c L  + (N(TLX) . T h e r e f o r e ,  L «  L + (wnLx ) => Lx , a n d  
L = L x .
Lemma 2 .3  • I f  K c  Kx c  S a n d  S i s  a  s p l i t  m o d u le ,  t h e n  
K i s  c o n t a i n e d  i n  a  m ax im al s e l f - a n n i h i l a t i n g  subm o du le  -
P r o o f . L e t  c  Kj£ f o r  a l l  i  i n  some i n d e x .  T ake  t h e
m ax im al c h a in  o f  {K^} and  l e t  L = UK^ , we h a v e  L c  L x .
L d o e s  e x i s t  a s  a  r e s u l t  o f  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  o f  
f i n i t e l y  g e n e r a t e d  m o d u le s .  By ( 2 . 2 ) ,  L = L x and  
K = K. c  i d  c  L x = L .
U J
Lemma 2 . 4 . I f  S i s  a  s p l i t  m odu le  a n d  K c  S i s  s e l f -  
a n n i h i l a t i n g ,  t h e n  K i s  c o n t a i n e d  i n  a  s p l i t t e r .
P r o o f . T h is  i s '  t r i v i a l  f ro m  ( 2 . 3 ) .
We can  u s e  ( 2 . 2 ) ,  ( 2 . 3 )  a n d  ( 2 . 4 )  t o  p r o v e  ( 2 . 6 ) .  H ow ever,
we w i l l  u se  t h e  l a t t i c e  lemma ( 2 . 5 ) a s  a  s h o r t - c u t  . t o  p r o v e
( 2 . 6 ) .
L a t t i c e  Lemma 2 . 5 . Suppose  M i s  s p l i t ,  and  su p p o s e  L c  M 
and  L c  L x , t h e n  L i s  c o n t a i n e d  i n  a  s p l i t t e r
L + (NHLX) , w h e re  N c  M a n d  N = Nx .
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P r o o f . [L + (NHL1 ) ] x = L x n (NnLx ) x = L x n [N x + (Lx ) x ] . 
S in c e  ( 2 . 1 )  a n d  t h e  r e m a rk  b e f o r e  ( 2 . 1 ) ,  (Lx ) 1 = L an d  
s i n c e  N = Nx ,
(L + (wnLx ) ] x = L x fl (N+L) = (LJT1N) + L x. fl L = L + (L-VlN) .
T h e r e f o r e ,  L + (NHLX) -  [L  + (NnLx ) ] x , a  s p l i t t e r .
Lemma 2 . 6 . I f  (*1,(3^) i s  a  t o r s i o n  m o d u le ,  a n d  ( S ,P 2 ) i s  
a  s p l i t  t o r s i o n  m odule  f o r  w h ic h  (M©S,p) i s  s p l i t ,  t h e n  M 
i s  s p l i t  ( i . e . ,  s t a b l y  s p l i t  i m p l i e s  s p l i t ) .
P r o o f . S in c e  M © S i s  s p l i t ,  we can  c h o o se  N c  M © S su c h
t h a t  N = Nx . And s i n c e  S i s  s p l i t ,  we can  c h o o se  N1 c  S
su c h  t h a t  • By ( 2 . 4 )  o r  ( 2 . 5 )  l a t t i c e  lemma, we can
assu m e  = 0©Nj c  n .
I f  ( a , s )  e N , t h e n  s e , f o r  i f  ( 0 , 3 ^ )  e ^  c N =
Nx ,  0 = p ( ( 0 ,  s ) ,  ( 0 , s ^ ) ) = P ^ S jS - ^ )  , t h e n  s  e N^ = a n d
( 0 , s )  e N^ . S in c e  ( a , 0 )  = ( a , s )  -  ( 0 , s )  e N , we h av e
( a , 0 )  e N . T hus ( a , s )  = ( a , 0 )  + ( 0 , s )  e N2 + N^ , w h e re
N2 = { ( a , 0 )  e M$>S| ( a , 0 )  e N) c M © (0 )  = M j we h a v e  
N = N2 © N^ . We c la im  N2 c M i s  a  s p l i t t e r ,  t h a t  i s ,
N2 = Ng , f o r  N2 c  N2 a n d  i f  we l e t  b e N2 , t h e n
( b , 0 )  e Nx = N . H ence , i t  f o l l o w s  t h a t  b e N2 a n d  N2 = N
T h e r e f o r e  N2 I s  a  s p l i t t e r .  M i s  s p l i t  w i t h  s p l i t t e r  N2 .




(1 )  I f  M i s  t o r s i o n  m o d u le ,  and  S i s  a  s p l i t  t o r s i o n  
m odu le  f o r  w h ich  M S S  i s  s p l i t ,  t h e n  M i s  s p l i t .
(2 )  I f  M1 © (-M2 ) -w 0 , and  Mg © (-Mg) ~  0 , t h e n  
M]_ © ( - M g )  ~  0 .
P r o o f . (2 )  =* ( 1 ) :  S in c e  S ^  0 , we h a v e  ( -S )  © (0 )  ~  0 ,
and  M © S ~  0 . By ( 2 ) ,  M © (0 )  ~  0 , t h e r e f o r e  M ~  0 .
(1 )  =» ( 2 ) :  L e t  M^ © (-Mg) = S^ and  Mg f f i ( -M g )  = Sg .
A dd ing  Mg t o  t h e  f i r s t  e q u a l i t y ,  we o b t a i n  © (-Mg) © Mg -  
S^ © Mg - I t  f o l l o w s  t h a t  Mj@ -  (Mg© -  Mg) = S^ © Mg . So 
M ^©(-Sg) = S^ © Mg . A dding  (-Mg) t o  b o t h  s i d e s ,  we o b t a i n
M-l © (-Mg) © ( -S g )  = S± © Mg © (-Mg) . T h u s ,  M-ĵ  © (-Mg) ©
( -S g )  = Ŝ  ̂ © Sg i m p l i e s  t h a t  © (-Mg) ~  0 b y  ( 1 ) .
Theorem  2 . 8 . W i t t  e q u i v a l e n c e  I s  an  e q u i v a l e n c e  r e l a t i o n  f o r  
a  f i n i t e l y  g e n e r a t e d  t o r s i o n  I n n e r  p r o d u c t  m odule  o v e r  a  
D e d e k in d  d o m ain .
P r o o f . From ( 2 . 6 ) ,  t h e  f i r s t  s t a t e m e n t  o f  Lemma ( 2 . 7 )  i s  t r u e ;  
a s  a r e s u l t ,  t h e  s e c o n d  s t a t e m e n t  o f  ( 2 . 7 )  i s  t r u e ,  a n d  t h e  
t r a n s i t i v e  law  i s  p r o v e n .  The sy m m e tr ic  law  an d  t h e  r e f l e x i -  
v i t y  a r e  t r i v i a l .  T h e r e f o r e ,  t h e  W i t t  e q u i v a l e n c e  d e f i n e d  i n
( 1 . 6 )  i s  an  e q u i v a l e n c e  r e l a t i o n .
Remark 2 . 9 - The W i t t  e q u i v a l e n c e  r e l a t i o n  d e f i n e d  on ( 1 . 6 )  
i s  more g e n e r a l  t h a n  t h a t  d e f i n e d  i n  [ 1 9 ] j P* I** • F o r  i f  t h e r e  
e x i s t s  s p l i t  i n n e r  p r o d u c t  m o d u le s ,  S a n d  S* , so  t h a t
i t  f o l l o w s  t h a t  M © ( - m ' ) ~  0 b y  o u r  d e f i n i t i o n .  So
W 1M ~  M .
Rem ark 2 . 1 0 . The W i t t  e q u i v a l e n c e  d e f i n e d  i n  ( 1 . 6 )  f o r  f i n i t e  
d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  a  f i e l d  F i s  a l s o  an  e q u i v a l e n c e
r e l a t i o n ,  f o r  i f  A i s  a  s u b s p a c e  o f  M , t h e n  (Ax ) x = A
i m p l i e s  t h e  c o n c l u s i o n  in  ( 2 . 6 ) .  I t  i s  a l s o  t r u e  t h a t  s t a b l y  
s p l i t  i m p l i e s  s p l i t .
I t  i s  a l s o  an e q u i v a l e n c e  r e l a t i o n  f o r  f i n i t e l y  g e n e r a t e d  
p r o j e c t i v e  m o d u le s .  Suppose  (M ,p) i s  a  f i n i t e l y  g e n e r a t e d  
p r o j e c t i v e  m o d u le .  C o n s id e r  (M ® F,p ')  w h ic h  i s  a  f i n i t e  
d i m e n s i o n a l  v e c t o r  s p a c e  w i th  i n n e r  p r o d u c t  {3 s a t i s f y i n g
P * ( ( x , s ) , ( y , t ) ) = p ( x , y ) * s t
w h e re  ( x , s ) , ( y , t )  e M®F . We c l a i m  t h a t  M i s  s p l i t  i f ,
D
a n d  o n l y  i f ,  M®F i s  s p l i t :  S i n c e  M i s  em bedded i n  M®F
D D
a s  M®1 , i f  M i s  s p l i t ,  t h e n  M®F i s  s p l i t  f o l l o w i n g
D D
im m e d ia te ly  b y  t h e  e q u a l i t y  p ( x , l ) , ( y , l ) )  = p ( x , y )  . In  t h e
o t h e r  w ay, su p p o s e  M®F i s  s p l i t  w i t h  s p l i t t e r  N = Nx i n
D
M®F . L e t  N-. = N PI (M®1) c  M®1 . Then N-. = i n  M®1 
D ± ±
f o r  t h e  f o l l o w i n g  r e a s o n .  I f  ( x , l )  € , t h e n
p 1 ( ( x , l ) , ( y , l ) )  = 0 f o r  a l l  ( y , l )  e W1 . F o r  a n y  ( y , s )  e N , 
we h a v e  ( y * l )  e an d
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p f ( ( x , l ) , ( y , s ) ) = p ( x , y ) * s  = s - p ' ( ( x , l ) , ( y , l ) )  = 0 .
H en ce , ( x , l )  e N-1* = W . T h e r e f o r e  ( x , l )  e . T h i s  show s
t h a t  c  N^ . So = N-£ . Now we h a v e  p ro v e n  t h e  c l a i m .
We w i l l  show t h a t  i f  M©S I s  s p l i t  w i t h  s p l i t  m odule  S , 
t h e n  M i s  s p l i t . C o n s id e r
(M©S)«F = M«F © S®F .
D D D
I f  I©S i s  s p l i t  w i t h  s p l i t  m o d u le  S , t h e n  h o t h  (M©S)®F 
D D
an d  SgiF a r e  s p l i t  v e c t o r  s p a c e s  o v e r  F . T hus M®F © S®F
D D D
i s  a  s p l i t  v e c t o r  s p a c e  w i t h  s p l i t  v e c t o r  s p a c e  S®F . I t
D
f o l l o w s  t h a t  M®F i s  s p l i t ;  a n d ,  b y  t h e  a b o v e  c l a im ,  M i s
D
s p l i t .
S in c e  t h e  s t a t e m e n t  t h a t  s t a b l y  s p l i t  i m p l i e s  s p l i t  
and  t h e  s t a t e m e n t  t h a t  W i t t  e q u i v a l e n c e  i s  t r a n s i t i v e  a r e  e q u i ­
v a l e n t  . H ence W i t t  e q u i v a l e n c e  i s  t r a n s i t i v e  f o r  f i n i t e l y  
g e n e r a t e d  p r o j e c t i v e  D -m odu les  a l s o .
§ 3 . A n i s o t r o p i c  R e p r e s e n t a t i o n
Lemma 3 » 1 » L e t  D b e  a  D e d e k in d  d o m a in ,  a n d  l e t  M be  a  
f i n i t e l y  g e n e r a t e d  t o r s i o n  D -m o d u le .  Then M h a s  t h e  a s c e n d i n g  
c h a in  c o n d i t i o n  a n d  t h e  d e s c e n d i n g  c h a i n  c o n d i t i o n .
P r o o f . M h a s  A .C .C . s i n c e  M i s  f i n i t e l y  g e n e r a t e d ,  s e e  
[ 1 5 ] , p .  1 4 4 .  S u p p o se  M = <x ]_>***>x n> * a i x i  = 0 >
a i  e D f o r  a l l  i  = 1 , 2 , * ** ,n  . L e t  a  = a n d
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I  = ( a )  . M i s  a  D -m o d u le  i m p l i e s  M i s  D / l - m o d u l e ,  s i n c e  
(d -f l)m  = dm a n d  Im = 0 , f o r  a l l  m e M . D h a s  A. C. C. 
i m p l i e s  D / i  h a s  A .C .C . ,  a n d  e v e r y  p r i m e  i d e a l  o f  D / i  d i f ­
f e r e n t  f ro m  D / i  i s  a  m a x im a l  i d e a l .  As a  r e s u l t  o f  t h e  
t h e o r e m  i n  [25 p -  2 0 3 ,  D / I  h a s  D .C .C .  And M h a s  D .C .C . ,
b e c a u s e  o f  t h e  r e s u l t  o f  [2 5  ] ,  p .  1 5 8 .
Lemma 3 - 2 . L e t  (M ,p) h e  a n  i n n e r  p r o d u c t  m o d u le  o v e r  D w i t h
p - v a l u e s  i n  F /D  = K . S u p p o s e  A i s  a  su b m o d u le  o f  M , a n d
A c  Ax . T hen  Ax/A  h a s  a  n o n - s i n g u l a r  i n n e r  p r o d u c t  s t r u c t u r e .
P r o o f . T he  e x a c t  s e q u e n c e
0  A -+ Ax Ax/ A  -* 0
i m p l i e s  a n o t h e r  e x a c t  s e q u e n c e
0 -+ Hom(Ax/A ,K )  -+ Hom(Ax ,K )  -* Hom(A,K) .
L e t  q> e Hom(Ax/A ,K )  . F rom  t h e  a b o v e  e x a c t  s e q u e n c e ,  we h a v e  
cp e Hom(Ax ,K )  . T h e r e  e x i s t s  u n i q u e  a  e  M a- <p(a' ) = ^ ( a l , a )
j . 1
f o r  a l l  a  e A a n d  cp = cp& . S i n c e  A c  K er cp , cpa ( a  } = 0
i m p l i e s  a-, e A ; t h e  u n i q u e  a  , c o r r e s p o n d i n g  t o  cp , i s
i n  Ax/A  • S o ,  f o r  a n y  Ip e HomfA^/A^K) ,  we a s s o c i a t e
"a e Ax/ A  s u c h  t h a t  Ip = .
a
L e t  a  e Ax/A  . We h a v e  a  € A1 ,  a  i s  a  r e p r e s e n t a t i v e  
o f  "a . T h e r e f o r e  cp e Hom(M,K) c  Hom(Ax,K )  w i t h  cp ( a * )  =& 3i
t r ,
(3 ( a ,  a  ) f o r  a l l  a  e A . I f  cpa  = 0 , t h e n  a  e A . H ence
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cp e Hom(Ax/A ,K ) . F u r t h e r m o r e ,  op c o r r e s p o n d i n g  t o  a
n  ct
i s  w e l l  d e f i n e d ,  f o r  i f  a  e A ,  t h e n  we h a v e  cp = 0Si
s i n c e  Tp ( a ' )  = p ( a , a ' )  = 0 f o r  a l l  a '  e Ax . T h e r e f o r e ,
f o r  a n y  a  e Ax/ A  , we h av e  w e l l  d e f i n e d  qj_ a s s o c i a t e d
_  a
w i t h  a  . B e c a u se  t h e  two s i d e s  c o m p o s i t io n  i s  an i d e n t i t y ,
we h a v e  t h e  f o l l o w i n g  homomorphism
Ax/A  "* Hom(Ax/A ,K )
i s  b i j e c t i v e .
Lemma 3 * 3 » L e t  (M ,P) be  an i n n e r  p r o d u c t  t o r s i o n  D -m odule  
w i th  p - v a l u e s  i n  K = F/D . S u p p o se  A a  Ax a n d  A i s  a  
sub m odu le  o f  M . Then M .£ Ax/ A  .
P r o o f . S in c e  (Ax/ A , 6 ) i s  a  n o n - s i n g u l a r  i n n e r  p r o d u c t
m odu le  b y  Lemma 3 * 2 ,  (M©Ax/ A , p - 6 ) i s  an i n n e r  p r o d u c t  m o d u le .
L e t  v :A x Ax/A  be  a  q u o t i e n t  hom om orphism . C l e a r l y ,  v i s  
i s o m e t r i c  ( i . e . ,  f* (x ,y )  = 6 ( v ( x ) , v ( y ) ) )  s i n c e  (Ax/ A , 5 )  i s
n o n - s i n g u l a r .  C o n s i d e r
N = { ( a , v ( a ) )  e M © ( -A x/ A ) | a  e Ax , v ( a )  e Ax/ A ]  .
I f  we c an  p ro v e  N = Nx ,  t h e n  M © (-A x/A )  i s  s p l i t .  Thus
M © (—Ax/ A ) ~  0 . T h i s  shows t h a t  M ~  Ax/A  .
C la im  N c: Nx : L e t  ^ , a g  e Ax • v ( a ^ ) ,  v ( a ^ )  e Ax/A  .
(P—& )[  (a-^> v (a-^) ) ,  ( a g ) ) 1 ”  ^ ( ® l ja,2^ -  ® =
P f a ^ a g )  -  P f a ^ a g )  = 0 . The n e x t  t o  t h e  l a s t  e q u a l i t y  i s  by
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i s o m e t r y .  T h i s  show s t h a t  N c  Nx .
C la im  K1 c  N : L e t  ( b , v ( c ) )  e Nx c. M © ( - A x/ A )  ,  w h e re
c e Ax , b e M .
( p - 5 ) [ ( b , v ( c ) ) , ( a , v ( a ) ) ]  = 0  f o r  a l l  ( a , v ( a ) )  e N
w i t h  a  e A1 . I t  f o l l o w s  t h a t
0  = p ( b , a )  -  6 ( v ( c ) , v ( a ) )  = p ( b , a )  -  p ( c , a )  = p ( b - c , a )
f o r  a l l  a  € Ax . H e n c e ,  b - c  e (Ax ) x = A , t h e  l a s t  e q u a l i t y  
i s  a  r e s u l t  o f  Lemma ( 2 . 1 ) .  S i n c e  c € Ax a n d  A c  Ax , 
b = c  -f ( b - c )  e Ax . And b - c  e A =» v ( b - c )  = 0 => v ( b )  = v ( c )  . 
T h e r e f o r e ,  ( b , v ( c ) )  = ( b , v ( b ) )  e N . T h i s  show s Nx c  N .
D e f i n i t i o n  3 . An i n n e r  p r o d u c t  m o d u le  M i s  a n i s o t r o p i c  
i f  x  e M a n d  £ 3 (x ,x )  = 0  im p ly  x  = 0  .
I n  t h e  n e x t  tw o  t h e o r e m s  we w i l l  show t h a t  e v e r y  e l e m e n t  
i n  t h e  W i t t  g r o u p  W (T (F /D ))  i s  r e p r e s e n t e d  b y  a n  a n i s o t r o p i c  
i n n e r  p r o d u c t  m o d u le  w h ic h  i s  u n i q u e  u p  t o  i s o m o r p h i s m .
T h e o re m  3 - 5 - L e t  M b e  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D -m o d u le ,  
a n d  l e t  (M,0 )  b e  an i n n e r  p r o d u c t  m o d u le  w i t h  v a l u e s  o f  0 
I n  F /D  . F o r  a n y  s u b m o d u le  A o f  M i f  A c  Ax , t h e n  
M ^  a n i s o t r o p i c  p a r t  o f  M .
P r o o f . By Lemma ( 3 - 3 ) *  A c  M a n d  A a  Ax , i t  f o l l o w s  t h a t  
M 2  Ax/A  • L e t  Ax/A  = M-l , Â  ̂ c  Mx a n d  A± a  A j  . A g a in ,
b y  Lemma (3*3)* %  ~ Ai/Ai * Let Al/Al = M2 * .After re”
p e a t i n g  t h e  same p r o c e d u r e ,  we h a v e  an i n t e r p r e t a t i o n  o f  t h e  
a b o v e  i n d u c t i o n :
Otherwise, the chains would not be stationary.
Theorem 3-6. Every element of the Witt group W(T(F/D)) is 
represented by one, and up to isomorphism, only one, aniso­
tropic inner product module.
Proof. Theorem (3*5) proves the existence of anisotropic re­
presentation. I f  A A , two anisotropic inner product 
modules belonging to the same Witt class, then we must prove
M ^  A1 => a£  => Ag = => A2  3  Ax => A .
From Lemma (3*1)* we obtain two chains
A c A^ c  A2 c
Choose & = max (n ,m ) . F i n a l l y ,  we h a v e
A1 =5 Aj => a£  => 3  Ag 3 A-̂  3 A
Therefore, M ~ anisotropic part of M , that is,
that (A,£3) = (A' ,0 ' ) .
iA © (-A ) <- 0 implies that there is a submodule
.f s :
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N c  A © ( - A ' ) s u c h  t h a t  N = Nx . We h a v e  N fl A = {0} a n d
i , iN D A = 10J since A and A are anisotropic. Let
B = [b e A|3a' e A* such that (b,a*) e N) . For fixed b ,
I ✓ 1 1 \ \ x 1 1 va  i s  u n i q u e  f o r  i f  ( b , a  ) , ( b , a  ) e N ,  , t h e n  ( b , a  ) -
( b , a  ) = ( 0 , a  ' - a  ) e N fl A* = {0} . I t  f o l l o w s  t h a t  a* ' = a '  .
T h e r e f o r e  B = W . S i m i l a r l y , l e t  b ' = {b ' e A* |3 a  ^ A s u c h  t h a t
( a , b * )  e N} . We o b t a i n  B* = N . Wow, we know B c  A ,  i f
we c an  p r o v e  Bx = {0} f o r  Bi  i n  A , t h e n  B = A . So
we c l a i m  Bx = ( 0 ]  i n  A . L e t  b ^  e  B1 c  A ,  ( b ^ , 0 )  e A©A* .
And l e t  (b^a* ) e W . ( p - p  * ) ( ( b , a ' ) ,  ( b ^ O ) ) = p f b ^ )  = 0
f o r  b  e B ,  b ^  e Bx . I t  f o l l o w s  t h a t  ( b ^ , 0 )  = N1 ,  b u t
Wx = N a n d  t h e r e f o r e ,  ( b ^ , 0 )  e W . T h i s  sho w s t h a t  b ^  e B 
a n d  t h a t  b ^  e B fl Bx . B u t A H Ax = {0] ( s i n c e  J3(x,x) = 0
i m p l i e s  x = 0 )  a n d  B c  A i m p l i e s  t h a t  B fl Bx = {0] . T h i s
p r o v e s  t h e  c l a i m  t h a t  b 1  = 0  , f o r  a n y  b ^  e B x .
i tHence, B = A \ and B = A similarly. Therefore, N
is the graph of an isomorphism f:A -> a ' , which satisfies
P 1 (f(a),f(a^)) = pfa^.^) for a,a1 e A , and f(a),f(a1 ) e a ' .
R em ark  3 * 7 . We c a n  a l s o  s e e  t h a t  t h e  s p l i t  i n n e r  p r o d u c t  t o r s i o n  
D -m o d u le  i s  W i t t  e q u i v a l e n t  t o  0 f ro m  Lemma 3 - 3  s i n c e  Ax = A .
CHAPTER II
GENERALIZATION OF THE FUNDAMENTAL THEOREM 
OF FINITELY GENERATED TORSION MODULES
In  o r d e r  t o  com pute  t h e  W i t t  g ro u p  W (T (F/D )) o f  F/D , 
w h e re  F i s  t h e  q u o t i e n t  f i e l d  o f  a  D e d e k in d  dom ain D , 
P r o f e s s o r  C o n n e r  made t h e  f o l l o w i n g  c o n j e c t u r e :
L e t  M h e  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  m odule  o v e r  D 
a n d  D a  D e d e k in d  dom ain  w i t h  q u o t i e n t  f i e l d  F . Suppose
(M ,p) i s  an  a n i s o t r o p i c  i n n e r  p r o d u c t  m o du le  w i t h  t h e  v a l u e s
o f  p in  F /D  . Then M can h e  s p l i t  a s  an o r t h o g o n a l  d i r e c t
sum o f  su b m o d u le s  in  a  " n i c e "  m a n n e r .
T h is  c h a p t e r  p r o v e s  t h i s  c o n j 'e c t u r e ,  s e e  Theorem  ( 2 . 1 ) ,  
e v e n  w i t h o u t  t h e  c o n d i t i o n  t h a t  M i s  an  a n i s o t r o p i c  i n n e r  
p r o d u c t  m o d u le  i f  i t  d o e s  n o t  r e q u i r e  o r t h o g o n a l  sum s p l i t t i n g  
( s e e  Theorem ( 2 . 2 ) ) .
The f u n d a m e n ta l  th e o r e m  o f  f i n i t e l y  g e n e r a t e d  t o r s i o n  
m o d u le s  i s  t r u e  o v e r  a  p r i n c i p a l  i d e a l  dom ain  [ 2 1 ] .  T h is  
c h a p t e r  i s  an  a n a l o g  o f  t h i s  th e o re m  f o r  a  D ed ek in d  d o m a in .
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§ 1 . Some Lemmas
L e t  D b e  a  r i n g  an d  M a  D -m odu le , an d  l e t  P be  an 
i d e a l  i n  D t h a t  i s  m axim al among t h e  f a m i l y  3 o f  a l l  a n -
t
n i h i l a t o r s  o f  n o n z e r o  e le m e n t s  o f  M . Then b y  [ 1 2 ] ,  P i s
p r i m e . We w i l l  c a l l  P a. p r im e  o f  D a s s o c i a t e d  w i t h  M a s
i n  t h e  d e f i n i t i o n  o f  [15]*  To i n s u r e  t h a t  t h e  a s s o c i a t e d  p r im e  
e x i s t s ,  we h a v e  t h e  f o l l o w i n g  s t a t e m e n t  [1 5 ] :  I f  D i s  a  
N o e t h e r i a n  r i n g  and  M i s  a  n o n t r i v i a l  D -m odu le , t h e r e  e x i s t s  
a  p r im e  i d e a l  a s s o c i a t e d  w i th  M .
Lemma 1 . 1 . [12] L e t  D b e  a  N o e t h e r i a n  r i n g ,  M a  f i n i t e l y
g e n e r a t e d  n o n z e r o  D -m o d u le , t h e n  t h e r e  i s  o n l y  a  f i n i t e  num ber 
o f  m ax im al p r im e s  o f  M i n  3 and  e a c h  i s  t h e  a n n i h i l a t o r  o f  
a  n o n - z e r o  e le m e n t  o f  M. D en o te  t h e s e  a s s o c i a t e d  p r im e s  by
Pl ’ ” - ’ Pn ‘
Lemma 1 . 2 , [12] L e t  N b e  a  n o n - z e r o  D -m odu le , I  t h e  a n n i ­
h i l a t o r  o f  N ,  and  P a  p r im e  i d e a l  i n  D , m in im a l  o v e r  I
Then P c Z ( N )  = [ r  e D jrm  = 0 f o r  some 0 ^  m € N] .
Theorem  1 . 3 - L e t  0 /  m e M an d  M be a  m odule  o v e r  a
D e d e k in d  dom ain D , a n d  A = Ann (m) e 3 = (Ann(m )jO  /  m e M)
Ch cto a q
w here  Ann d e n o te s  a n n i h i l a t o r .  Then A = P-, P0  •** P , a ,1 2  s  i
a  p o s i t i v e  i n t e g e r  an d  P̂  ̂ an a s s o c i a t e d  p r im e  a s  i n  
Lemma 1 . 1 .
P r o o f . By Lemma 1 . 1 ,  A c  P^ f o r  some i  . Now s u p p o s e
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A c  P j , * * * , a n d  P g . L e t  2(M) b e  t h e  z e r o  d i v i s o r  o f  M ,
w h e re  Z(M) = [Y e D |vm = 0 ,  0 ^ m e M } = U 3 = P 1 U *'  * U pn *
T he  l a s t  e q u a l i t y  f o l l o w s  b y  Lemma 1 . 1 .  S i n c e  A i s  an  
i d e a l  o f  D a n d  D I s  a  D e d e k in d  d o m a in , A i s  t h e  p r o d u c t
o f  p r i m e  i d e a l s .
^1  i p
L e t  A = Q2  * * * ̂ k  ' E a c ^  Q j m u s t  b e  a  p r i m e  i d e a l
I n  5  f o r  t h e  f o l l o w i n g  r e a s o n :  L e t  N = <m>, I  = Ann(N) =
Ann(m ) = A c  . i t  i s  c l e a r  t h a t  Qj i s  a  p r im e  i d e a l
m in i m a l  o v e r  A . T hen  b y  Lemma 1 . 2 ,
Qj c  Z(N) = Z(<m>) c  Z(M) = P i  U P2  . . .  U .
T h e r e f o r e  b y  [ 1 7 ] j Qn* c: P .  f o r  some i  = 1 , 2 ,  * * * ,n  .
P ^ ,  * * * ,P n a r e  d i s t i n c t  m a x im a l  p r i m e  i d e a l s ,  s o  we h a v e
Lemma 1 .A . L e t  M (P) = [x  e m | P x = 0} , P an  I d e a l  o f  D .
L e t  M b e  an a n i s o t r o p i c  i n n e r  p r o d u c t  m o d u le  w i t h  t h e  v a l u e s  
o f  |3 i n  F /D  . T hen  M(P) = M(Pa ) f o r  a n y  p o s i t i v e  i n t e g e r  a  .
P r o o f . Px = 0 i m p l i e s  P °x  = 0 . T h e r e f o r e  M(P) c  M(Pa ) .
Now l e t  x  e M(Pa ) . T ak e  k  = 1 i f  a  i s  o d d ,  k  = 0 i f  
a  i s  e v e n ,  an d  we o b t a i n  
q+k q+k
0 x ,  P ^  x )  = ^ ( P 0̂ , ? ^ )  = q ( 0 , P kx )  = 0 .
q+k
S i n c e  (M ,0) i s  a n i s o t r o p i c ,  P ^ x  = 0 . S i n c e  -£ g k  < a  ,
"by i n d u c t i o n  we o b t a i n  Px = 0 . T h e r e f o r e  x e M(P) , 
p r o v i n g  M(Pa ) c  M(P) . H ence M(P) = M(Pa ) f o r  a n y  p o s i ­
t i v e  i n t e g e r  a  .
§2 . F u n d a m e n ta l  Theorem s
T heorem  2 . 1 . (F u n d a m e n ta l  th e o re m  o f  a n i s o t r o p i c  f i n i t e l y  
g e n e r a t e d  t o r s i o n  m o d u le s ) L e t  M be  a  f i n i t e l y  g e n e r a t e d  
t o r s i o n  D -m odu le , w here  D i s  a  D e d e k in d  dom ain a n d  F i s  
t h e  q u o t i e n t  f i e l d  o f  D . S uppose  M i s  an a n i s o t r o p i c  
i n n e r  p r o d u c t  m odule  w i t h  t h e  v a l u e s  o f  i n  F /D  . Then
M = M(P-^) © M(P2 ) © ••*  © M(Pn ) ,
i
an  o r t h o g o n a l  sum, w h e re  t h e  P .  s  a r e  t h e  p r im e s  o f  D
J
a s s o c i a t e d  w i t h  M .
P r o o f . L e t  3 be  t h e  f a m i l y  o f  a l l  a n n i h i l a t o r s  o f  n o n z e ro  
e l e m e n t s  o f  M . By Lemma 1 . 1 ,  t h e r e  i s  o n ly  a  f i n i t e  num ber 
o f  a s s o c i a t e d  p r im e s  o f  M i n  3 , s a y ,  pi * ’ ’ ’ jP n *
Claim 1 . M(Pi) n [M(P1)+ ••• -i-M(Pi_1) + M(Pi+1)+ ••• +M(Pn)] 
[0 ) :
P r o o f  o f  C la im  1 . L e t  0 ^  x  e M , P^x = 0 and
x = x n+ +x . n + x , + x  , w h e re  P . x .  = 0 f o r  a l l  l  l - l  i + i  n j  j
j  ^  i  , j  = 1 , 2 , • * *  , i - l , i + l , * • * ,n  . I n  p a r t i c u l a r ,
i
* ’ ^ i - l ^ i + l * ’ ‘*nx  = 0 ' S i n c e  t h e  s a r e  p r im e  i d e a l s
i n  a  D e d ek in d  d o m ain , t h e  a r e  m ax im al an d  p a i r w i s e
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c o m a x im a l .  By [ 2 5 ] ,  P.  ̂ + P ^ P g * ' *Pi - l Pi + l  ’ ’ ’Pn = P P o r
i  = 1 , 2 ,  * * * ,n  . Now
(P± + P1 - " P i . 1 P1+1 - " P n )x  = P± x  + P i V " p i - l p i + l ‘ " V  = 0
i m p l i e s  l x  = 0 , a n d  t h e r e f o r e  x  = 0 . T h is  p r o v e s  c l a im  1 .
Now l e t  0 ^  x  e M a n d  A = A nn(x) e 3 . By T heorem  1 . 3 j  
a l  a sA = P^ * ‘ ' Pg j a i  p o s i t i v e  i n t e g e r .  L e t
“ l  „ a i - l  „ “ ! + !  a
j ± -  v - ' - v r  p i ; r - - - p s B * 1 = i - 2 * - - - 3 •
C la im  2 . J^-f- Jg +  • * * + J g = D :
P r o o f  o f  C la im  2 . I f  c  Q , Q a  p r im e  i d e a l  o f  D , t h e n
O n a n * _ i  a i + i
J ± = P j  i - 1  Pi+ 1  Ps c  Q i m p l i e s  c  Q f o r  some
j  ^  1 . I t  f o l l o w s  t h a t  P^ = Q f o r  Pj and  Q a r e  m ax im al 
p r i m e s .  T h e r e f o r e
a l  _ a i - l  * 1+1  *8j  = P p  * p
1  1  x —1 i+ 1 • • ' Ps c  P1 ’ P2 ’ • • • ' Pi - l ' Pi + l '  • • •' or ps »
a n d  i s  n o t  c o n t a i n e d  i n  an y  o t h e r  m ax im al p r im e
i d e a l s  ^  D . From t h i s ,  we h av e  J \  g£ P^ , a n d  i s  n o t  c o n ­
t a i n e d  in  a n y  o t h e r  m ax im al  p r im e  i d e a l s  /  D . So
J 1  H tT2 + *** KTs ^  Pl '  ***, P s o r  a n y  ° 't h e r  m ax im al p r im e  
i d e a l s  ^  D . B ut + J^+  *** + J 0 }4 (0 )  , t h e  abo ve  s t a t e ­
m e n ts  im p ly  -l- Jg +  **■ + J g = D . T h i s  p r o v e s  C la im  2 .
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C la im  3 • M = M(P^) +  M(P2 )+ *** +M(Pn ) , an o r t h o g o n a l  sum:
P r o o f  o f  C la im  3 . By C la im  2 , 1  = d^ +  d2+ *•* + d g f o r
a l  a i - l  a i + l  a s 
some e l e m e n t s  d i  e P-ĵ  • • p i + l  * ,# P s * T h e r e f o r e
x = d2x +  +dgx , w i t h  Pi i ( d jLx )  c  P x ^ ' P g 8 x  = Ax = 0 ,
so  t h a t  x  e MfP^1 ) +  M(P2 2 )+  • • •  +M(P^S ) = M(P1 )+  *** +M(PS ) . 
The l a s t  e q u a l i t y  f o l l o w s  f ro m  Lemma 1 . 4 .  F u r t h e r ,
(M (P ^ ) ,£ (M fP ^ ) ) = (M(P1 ) , p ^ )  i s  an  i n n e r  p r o d u c t  s i n c e
J a  - (P i>  S  M(p i . )»P)  = n  HonD(M(P1 ) , P 1 ) S
Z® HomD(M(Pi ) , P i ) . T h i s  c o m p le te s  t h e  p r o o f  o f  T heorem  2 . 1 .
Theorem  2 . 2 . (F u n d a m e n ta l  th e o r e m  o f  f i n i t e l y  g e n e r a t e d  
t o r s i o n  m o d u le s  o v e r  a  D ed ek in d  d o m a in ) L e t  M h e  a  f i n i t e l y  
g e n e r a t e d  t o r s i o n  D -m o d u le ,  w h e re  D i s  a  D e d e k in d  dom ain 
and  M(P) = (x  e M jP^x = 0 f o r  some p o s i t i v e  i n t e g e r  m] ,
P a  p r im e  i d e a l  i n  D . Then
M = M(P1 ) © M(Pg) © • • * © M(P ) .
P r o o f . T h i s  p r o o f  i s  s i m i l a r  t o  t h a t  o f  Theorem  2 . 1 .
Pl j P 2 '  * * ’ j P n a r e  Pa i r w -̂s e  com ax im al an d  we g e t  t h a t
Y1 YnP^ , * * ' , P n a r e  p a i r w i s e  com ax im al hy [2f>]. Hence
Yt Y1  Yl - 1  Yi - H  Yn
P .j '+  P^ *•* P.j_i Pi-(-i * * ’pn = D 3 Y j p o s i t i v e  i n t e g e r .
So 1t(P± ) n [W(P1 )+  +?4(P1_1 ) +  S ( P ±+1)+  • • •  +M(Pn ) ]  = {0}
' tt-l ft
I f  A = A nn(x) , t h e n  A = P- ***P s i m p l i e s
J- 5
J 1 + J 2+ *** + J n = D * a n d  h e n c e  * ©M(Pn ) .
R em arks 2 . 3 . (1 )  I f  we t a k e  A = Ann(M) c  A nn(x ) , t h e n
t t i
°h a 2  fts
A = P^ P2 ***PS an d  we s t i l l  h a v e  t h e  same r e s u l t :
M = 14(Px )© * * * ©M(Pn ) .
(2 )  N o te  t h a t  t h e  d e c o m p o s i t i o n  o f  T heorem s 
2 . 1  a n d  2 . 2  i s  u n iq u e  up  t o  o r d e r .
(3 )  I f  we a d d  t h e  c o n d i t i o n  t h a t  (M,|3) i s  an 
a n i s o t r o p i c  i n n e r  p r o d u c t  m odu le  t o  Theorem  2 . 2 ,  t h e n  we h a v e
00 Y . 00
T heorem  2 .1  f o r  M(P. ) = U M(P, ) = u M ( P . ) = M(P^ ) .
Y ^=1 Y ^=1
§3• L o c a l i z a t i o n
We w i l l  h a v e  a  s h o r t  d i g r e s s i o n  h e r e  a h o u t  l o c a l  r i n g s .
Lemma 3 * 1 - L e t  R he  a  l o c a l  r i n g ,  M a  f i n i t e l y  g e n e r a t e d  
t o r s i o n  R -m o d u le ,  and  (M,|3). an  a n i s o t r o p i c  m o d u le .  I f  
t h e  m axim al i d e a l  I  o f  R i s  p r i n c i p a l ,  s a y  I  = (q )  , 
t h e n  qM = 0 .
P r o o f . f j in c e  RM = 0 , a n d  M = <11̂ ,  **-,m n> , we can
assu m e  = 0 f o r  i = l , * * * , n  , w here  d^  e R , an d
- 1  - 1i s  n o t  a  u n i t .  O th e r w is e ,  di  d^m^ = d^ 0 = 0 i m p l i e s
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m. = 0 ,  a  c o n t r a d i c t i o n .  T h e r e f o r e ,  d .  e I  f o r  a l l  i  
1 k .  1
a n d  d^  = q f o r  some i n t e g e r  k^ > 0 . Hence t h e r e  e x i s t s
k  > 0 ,  k  = k - j k g * " ^  s u c h  t h a t  q^M = 0 . T h is  show s t h a t
q*m = 0 f o r  a l l  m e M . S in c e
p ( q k " 1m ,q k " 1m) = qp (q k _ 1m, qk “ 2m)
= p ( q km ,q k _ 2m) = p ( 0 , q k “ 2m) = 0
a n d  M i s  a n i s o t r o p i c ,  we o b t a i n  qk “ ^m = 0 . S i m i l a r l y ,
k - 2  2q m = 0 , • • * ,q  m = 0 ,  qm = 0 f o r  a l l  m e M . H ence  qM = 0 .
Rem ark 3 * 2 . L e t  M b e  a  subm odu le  o f  M ,  w here  M i s  a
D -m o d u le .  S upp ose  S i s  a  m u l t i p l i c a t i v e  s e t  f o r  D . Then 
S ^ f M / N )  = S ' V s " 1^  ,  w here  S " ^  = (m /s  |m e M, s e S) . I f  
P i s  a  p r im e  i d e a l  o f  D , a n d  S = D-P , we d e n o te  s"^D
b y  Dp a s  a  l o c a l  r i n g  o f  D a t  P .
L e t  (M, p) be  a n  i n n e r  p r o d u c t  t o r s i o n  m odule  w i t h
v a l u e s  i n  K = F /D  . L e t  P b e  a  p r im e  i d e a l  o f  D . Con­
s i d e r  M ® Dp ,  w h e re  D i s  t h e  l o c a l  r i n g  o f  D a t  P .
L e t  m®a ,  n®r e M ® Dp . D e f in e  p (m®cc,n®r) =
D r
p ( m ,n )  ® o r  e K ® Dp ,  w here  K ® Dp = (F /D )p = F /D p . Dp
D D ^
i s  t o r s i o n  f r e e  s i n c e  we h ave  t h e  s h o r t  e x a c t  s e q u e n c e  
0 -♦ D -* F *♦ F /D  -» 0 a n d  s i n c e  Dp i s  a  subm odule  o f  F ,
w h ic h  i s  a  t o r s i o n  f r e e  m o d u le .  By [ 2 ] ,  p .  130 , we h a v e  t h e
s e q u e n c e
0 -* D ® D-q ■+ F ® Dt, K ® D,, -» 0
D D F D F
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I s  e x a c t . H ence , t h e  s e q u e n c e
i s  e x a c t .
Lemma 3 . 3 . I f  cp e Hom(M®Dp ,F /D p ) i s  d e f i n e d  b y  
cp (m®a) = cp(m)®a , f o r  cp e Hom(M, F /D ) , t h e n  (M ® Dp , 
i s  a n  i n n e r  p r o d u c t  m o d u le  w i t h  v a l u e s  o f  P i n  F/Dp .
P r o o f . W hat we n e e d  t o  p r o v e  i s  t h e  i so m o rp h is m
M ® Dp = Hom(M®Dp,F/Dp) ,
D r  D
w here  F /D p = F/D ® Dp  . D e f in e  f  
r  D
f  :m®a *♦ cpm(Sa e Hom(M ® Dp ,F /D p ) 
w here  9m 0 a (n ®r ) = p , (m®aJ n®r) . We c l a i m  f  i s  w e l l  d e f i n e d
i i
f o r  i f  m®a = m1 ®a1  a n d  cpm0a /  cpm 0 a ^  3 t h e n  t h e r e  e x i s t s
i
n®r e M®Dp s u c h  t h a t  cf^0 a (n®r) /  %  ®a  C*1®*1) * T hus*
p (m®ajn®r) /  (3 (m^®aj.»n®r) , b u t  t h i s  i s  i m p o s s i b l e .  We a l s o
c la im  f  i s  one t o  one  f o r  i f  l3)jn 0 a (n ®r ) ~ 0  ? o r
I
n®r e M®Dp , th e n  p (m®o,n®r) = 0  . I t  f o l l o w s  t h a t
p{m ,n) ® o r  = 0 f o r  a l l  r  e Dp a n d  t h a t  p (m ,n )  = 0 f o r
a l l  n  e M . H ence , m = 0 and  m®a = 0 . F i n a l l y ,  we
c la im  f  i s  o n to  f o r  l e t  cp e Hom(M®Dp ,F /D p ) ,  we have
Dcp (n®r) e F /D  ® Dp . S i n c e
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cp (n®r) = q ^ fn )  ® r  = ^ (m ,n )  ® r  = p '( m ® l ,n ® r )  .
I t  shows t h a t  cp = cpmjĝ  . T h e re fo re *  f  i s  o n t o .
Lemma 3 . 4 . I f  M i s  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D-module*
t h e n  M ® Dp i s  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D „ -m o d u le .
D p
P r o o f . L e t  M = < m ^ ,• •* ,m n > h e  a  D -m o d u le . We h a v e  
M ® Dp = <#Lj ®1*nig®!, • • **mn ®l> a s  a  Dp -m o d u le .  A l s o ,  dm = 0
i m p l i e s  d(m®a) = 0 f o r  a n y  a  e Dp .
T heorem  3 . 5 . L e t  M h e  a  f i n i t e l y  g e n e r a t e d  t o r s i o n  D -m od u le ,
a n d  l e t  (M®Dp ,f3 } h e  a n  a n i s o t r o p i c  i n n e r  p r o d u c t  m odule ,
D p
w h e re  Dp i s  a  l o c a l  r i n g  o f  D a t  P . I f  I  i s  th e
u n i q u e  m ax im al i d e a l  o f  Dp ,  t h e n  M ® Dp i s  a  f i n i t e
r  D “
d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  Dp / I  •
P r o o f . Dp i s  a  d i s c r e t e  v a l u a t i o n  r i n g  hy [ 2 5 ] ,  p .  278 .
So I  = (q )  f o r  some u n i f o r m i z i n g  p a r a m e t e r  q . By Lemma 3 . 1
a n d  Lemma 3 .4*  we h av e  q(M®Mp) = 0 . I t  f o l l o w s  t h a t
I(M®Dp ) = 0 , w h e re  M ® Dp i s  a  D „ -m o d u le .  T h e r e f o r e ,
D D p
M ® Dp i s  a  v e c t o r  s p a c e  o v e r  t h e  f i e l d  Dp/ I  . Now,
D
M ® Dp  = <jii^®l,m2 ® l, "  *,mn® l>  , so  M ® Dp  i s  a  f i n i t e  
d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  Dp/ l  .
CHAPTER I I I  
AN ISOMORPHISM AND AN EXACT SEQUENCE
§1- The I so m o rp h ism  W fT fP /D )) = W(D/P] .
P
Lemma 1 . 1 . L e t  D he  a  D e d e k in d  dom ain w i t h  q u o t i e n t  f i e l d  
F , and  l e t  P be a  p r im e  i d e a l  o f  D . Then H(P) =
{x e F /D |P x  = 0 ] i s  i s o m o r p h ic  t o  D /P  , w h ic h  i s  a  f i e l d .
P r o o f . L e t  P- ^ = fx  e P jx P  c  D) b e  t h e  f r a c t i o n a l  i d e a l  o f  
- 1D . PP = D s i n c e  e v e r y  p r o p e r  p r im e  i d e a l  i n  a  D e d ek in d
dom ain  i s  i n v e r t i b l e ,  s e e  [ 2 5 ] ,  p .  273  an d  s i n c e  P” 1  i s  a
D -subm o du le  o f  P . I t  i s  c l e a r  t h a t  H (P) = P~^/D . We w i l l
p r o v e  t h a t  P- 1 /D  = D /P  . F i r s t ,  c l a i m  t h e r e  I s  no  subm odule
- 1o f  P s t r i c t l y  b e tw e e n  D and  P : S u p pose  t h e r e  e x i s t s  a
- 1  -Tsu b m o d u le ,  s a y  Q , s u c h  t h a t  D ^ Q p p  c F  . L e t  Q =
[x  e F jxQ  c  D] . C l e a r l y ,  D" 1  Q"*̂  3  i m p l i e s  t h a t
D ^  Q- 1  3  P , t h e  i n e q u a l i t i e s  a r e  s t r i c t .  O th e r w is e ,  i f  we
t a k e  f r a c t i o n a l  i d e a l  o f  D ^  Q- ^ 3  P ,  we g e t  a  c o n t r a d i c t i o n .
Now t h e r e  i s  no  Q- 1  s t r i c t l y  b e tw ee n  D a n d  P s i n c e  P
i s  a  m ax im al i d e a l .  So D = o r  P = Q_1  . I t  f o l l o w s
3 4
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t h a t  D"1=(Q~1 )"1 o r  (Q- 1 ) " 1  = P" 1  . H e n ce ,  D = Q o r
Q = P- ^  . T h i s  shows t h e  f i r s t  c l a i m .
B e f o re  we c o n t i n u e  t o  t h e  se c o n d  c l a i m ,  we w i l l  d e f i n e  a
- 1  -1hom om orphism . L e t  g e P -  D . We o b t a i n  D c  <D ,g>  c  P ;
b u t  s i n c e  t h e r e  i s  n o  sub m odu le  b e tw e e n  D and  P” 1 , <D,g> =
P- 1  . D e f in e  a  m ap p in g  cp a s  f o l l o w s :
^ ______< P ______
D ---- y  P_ 1  *  P- 1 /D
d  ^  d §  , ^  d ? + D
cp i s  w e l l  d e f i n e d  f ro m  t h e  d e f i n i t i o n ,  cp i s  a  D-homomorphism
1 1s i n c e  cp(rd) = rdg+D = r d g + r ( r  D) = r ( d g + r “ D) = rcp(D) ,
an d  q p ^ + d g )  = (d-j+dgJg+D = cp(d1 ) + cp(d2 ) .
- 1cp i s  o n to  f o r  i f  we su p p o s e  d^+d? e <D ,g> = P , t h e n
cp(d) = dg+D f o l lo w e d  b y  t h e  e q u a l i t y  dg+d^+D = dg+D .
Now we c l a i m  k e r  cp = P . cp(P) = Pg + D c  PP ' 1  + D = D .
I t  f o l l o w s  t h a t  P c  k e r  cp . S in c e  g /  D and  cp(l) = §+D ^  D , 
1 /  k e r  <p , we g e t  P c  k e r  cp /  D . B u t ,  P i s  a  m ax im al
i d e a l  o f  D ,  t h e r e f o r e ,  P = k e r  qp . T h i s  en d s  t h e  p r o o f  o f
Lemma 1 . 1  and  we h a v e
D /P  = P "1/*) = H (P) .
Remarks 1 . 2 . (1 )  I f  D i s  a  PID , t h e n  H(P) = P” 1/ ^  i s
t r i v i a l  b e c a u s e  t h e  homomorphism ^
h a s  k e r n e l  P = <p> . Hence H(P) = D /P  .
(2 )  I f  D = Q , t h e  r a t i o n a l  n u m b e rs ,  t h e n
H (p ) = { |  ,  |  , |  £ z i ) ~  Z/<P> = zp .
(3 )  F o r  t h e  c a s e  o f  l o c a l  r i n g  Dp ,
(x  e F/Dp|7rx  = 0 ] = H(ir) c  F /D p .
Dp i s  a  d i s c r e t e  v a l u a t i o n  r i n g  and  i s  a  l o c a l  r i n g  w i t h  t h e  
u n iq u e  m ax im al i d e a l  irDp , w h ich  i s  a  PID . H en ce ,
Dp/rnDp = Dp/<TT> = H (tt) c  F/D p , f o r
^  ♦  _____
Dp  * - F  -----* -H (ir)  c  F /D p
x ( ^  x ( ^  — + D 
and k e r  cp = <tt> = irDp .
Theorem  1 . 3 . The f o l l o w i n g  i s  an  iso m o rp h ism
W (T (F /D ))  = E® W(D/P)
P
w here  P r a n g e s  o v e r  a l l  t h e  p r im e  I d e a l s  o f  D .
P r o o f . L e t  (M,g) be a f i n i t e l y  g e n e r a t e d  t o r s i o n  i n n e r  p r o d u c t  
D -m odule  w i t h  0 - v a l u e s  In  F /D  . Suppose  (M,0) i s  a n i s o t r o p i c .
By C h a p te r  I I ,  T heorem  2 . 1 ,  we h av e
M = M ^ )  ® M(P2 )© ©M(Pn ) .
S in c e  P^ M(P^) = 0 , M(P^) i s  a  f i n i t e  d i m e n s i o n a l  v e c t o r  
s p a c e  o v e r  D /P^ w i t h  p - v a l u e s  i n  H(P ^ )  * w h ic h  i s  t h e  s e t  
o f  a l l  t h o s e  e l e m e n t s  i n  F /D  k i l l e d  b y  P . By Lemma 1 . 1 ,  
we h a v e  H(Pi ) = D/ p i  * f o l l o w s  t h a t  (M (P ^ ) ,P 1 ) i s  a  
f i n i t e  d i m e n s i o n a l  i n n e r  p r o d u c t  s p a c e  o v e r  D/P^ w i t h  p ^ -  
v a l u e s  i n  D /P^ » w here  P^ = p |M (P ^ )  . F i n a l l y ,  s i n c e  
<M> e W (T (F/D )) a n d  <M(P^)> e W fD/P^) , we o b t a i n  t h e  i s o ­
m orph ism
W (T (F /D )) = S® W(D/P) .
P
§2 . The E x a c t  S e q u e n ce  0 * W(D) -* \ i (F )  -► W (T (F /D )) -♦ *̂ U 0
Cd
I n  t h i s  s e c t i o n ,  we w i l l  d e f i n e  a , 
a :W (F) -> W(T(f / d ) ) ,
w h e re  F i s  t h e  q u o t i e n t  f i e l d  o f  D .
L e t  (M,p) b e  an i n n e r  p r o d u c t  s p a c e  o v e r  F . We can  
fo rm  a D - l a t t i c e  L i n  M . A D - l a t t i c e  L i s  a  f i n i t e l y  
g e n e r a t e d  D -subm odu le  o f  M su c h  t h a t
L = Dx-  ̂ + Dx 2+ ‘ * * t-Dx^ c  M
s p a n n e d  by  > w h e re  t h e  s e t  c o n t a i n s
a  b a s i s  f o r  M o v e r  F , s e e  [19 ]*  P* 91*
I
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L e t  b e  t h e  d u a l  l a t t i c e *  a  D - l a t t i c e ,
L*  = [ r | r  e M, P ( r , L )  c  D) .
As we k no w , M 3  d  L ,  a n d  s? H o m ^ L , ! )  . D e f i n e
3 :<M> h  < L ^ /L >  b y  t h e  f o l l o w i n g  m a n n e r .  The e x a c t  s e q u e n c e
Horn-. (L ,D )
0 + L + Hom pfLjD) *♦ ------^ -------- -► 0
i m p l i e s  a n o t h e r  e x a c t  s e q u e n c e
0 -+ L -+ L #  -♦ L # / L  -► 0 ,
w h e re  =  H o n ip fL ,! )  b e c a u s e  e v e r y  D - l i n e a r  m a p p in g  L -* D
e x t e n d s  l i n e a r l y  a n d  u n i q u e l y  t o  a  F - l i n e a r  m a p p in g  M -* F 
h a v i n g  t h e  f o r m  x  -+0(x,Xq) f o r  a  u n i q u e  x Q e . L e t  p * b e  
t h e  l i n e a r  s y m m e t r i c  fo rm  i n d u c e d  b y  p on L ^ /L  . We c l a i m  
t h a t  ( L ^ / L , p ' )  i s  an  i n n e r  p r o d u c t  t o r s i o n  D -m o d u le  w i t h  
p ' - v a l u e s  i n  F /D  . To s e e  t h e  v a l u e s  o f  p 1 a r e  i n  F /D  ,  
l e t  w ^, w ^ e L^ , a n d  l e t  w , wQ e L . T hen
p (w*+w,wj+w0 ) = p (w # ,w $ )  + p (w * ,w 0 ) + p (w ,w $ )  + p (w ,w Q) ,
t h e  f i r s t  t e r m  i s  i n  F  ; h o w e v e r ,  t h e  o t h e r  t e r m s  a r e  e a c h  
i n  D . T h u s  p T(w ^ ,w ^ )  e F /D  . T h a t  L ^ /L  i s  a  t o r s i o n  
D -m o d u le  i s  c l e a r  b y  t h e  d e f i n i t i o n  o f  ' L ^  . To s e e  t h a t  p '  
i s  an  i n n e r  p r o d u c t ,  we n e e d  t o  p r o v e  L ^ /L  = HomD( L ^ / L ,F / D )  . 
F o r  a n y  tp e Horn ( L ^ ,F )  w i t h  <p(L) c  D , t h e r e  e x i s t s
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w e M &  tp = qpw . cpw (w*) = p (w ,w ^) 6 F a n d  p ( w ,L )  c: D .
I t  f o l l o w s  t h a t  w e . I f  we l e t  w = w j  , t h e n ,  f o r
a n y  tp e Horn (L# , F )  ,  we h a v e  cp = tp a n d  t h i s  i n d u c e s
w0
9  jj. e Horn (L#/ L , F / D )  . Now, we c an  d e f i n e  f  :L #  -* Horn ( L ^ / L ,F / D )
b y  f ( w ^ )  = tp „ , I f  w^ e L , t h e n  i t  i s  c l e a r  t h a t  <p „ = 0 ,
w * w*
h e n c e ,  w^ e k e r  f  . I f  w^ e k e r  f  , t h e n  q> „ = 0  . T h i s
i m p l i e s  t h a t  9_^(W q ) = 0 f o r  a l l  w^ e L#/ L  . So p (w # ,w $ )  c  D
f o r  a l l  wq e a n d  t h i s  i m p l i e s  t h a t  w^ e L . T h e r e f o r e
L * /L  = Horn ( L # /L ,F / D )  .
Lemma 2 . 1 . T he m a p p in g  a d e f i n e d  a b o v e  i s  a  hom om orph ism .
P r o o f . a i s  w e l l  d e f i n e d :  <M> ~  0 i m p l i e s  <L> ~  O . T hen
t h e r e  e x i s t s  a  s p l i t t e r  ^  c L  w i t h  L-£ = L1  i n  L . C o n s i d e r
c  L e  . D e f i n e  N d  L j  a s  N = {n e L ^ | p ( n , L ^ )  = 0 )  .
Now N i s  a  D -s u b m o d u le  o f  L ^  a n d  N = Nx I n  . I f
N c  L ^ /L  d e n o t e s  t h e  q u o t i e n t  Im ag e  o f  "ft , w h e re  N c  
a n d  N -* N /L  = N ,  t h e n  i t  i s  c l e a r  t h a t  N c  Nx f o r
p (n ,N )  = 0 e D w h e re  n  e N = Nx . We n e e d  t o  show Nx c  N .
F o r  t h i s  p u r p o s e ,  s u p p o s e  v e s u c h  t h a t  p ( v , x )  e D f o r
a l l  x  e N = Nx . S i n c e  N i s  a  su b m o d u le  o f  , t h e r e  
e x i s t s  ^ r L ^  ■* D s u c h  t h a t  <Pv (x )  = P ( v , x )  f o r  a l l  x  e Nx . 
H o w ever ,  ( L ^ ) ^  = L i m p l i e s  t h a t  t h e r e  e x i s t s  w e L w i t h  
q> (x )  =  <¥>v (x )  a n d  p ( v - w , x )  =  0 f o r  a l l  x  e Nx . And i t
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f o l l o w s  t h a t  v-w  e N and. v  w v+L € N . T h e r e f o r e ,
< L ^ /L >  = 0 . T hu s  a I s  w e l l  d e f i n e d .
F i n a l l y ,  a(<Mx> © <M2> ) = B(<M1  © M2> )
(Lx © L2 ) # l |  x l |
= ' l 2 = L2 j
t h e  l a s t  e q u a l i t y  I s  b y  [ 1 5 ] , p .  8 2 .  F u r t h e r m o r e
x L* L* x 0 © 0 x L#
£ £  © L“  = <L1 x 0 ^  "0 x
= < l } / L x © L * /L 2> = < L*/L>  + < l | / L 2> .
T h e o re m  2 . 2 . The s e q u e n c e  0 -* W(D) h> W(F) $  W (T (F /D ))  i s  
e x a c t .
P r o o f . T h e  s e q u e n c e  0 -> W(D) -♦ W(F) i s  e x a c t  b y  [ 1 9 ] ,  p .  9 3 .  
L e t  L b e  a  D -m o d u le  w i t h  L = . T h e r e f o r e ,  i n  t h e  f o l l o w i n g
c o m p o s i t i o n
i  B jl ,
L -* L ® F *♦ L / L  ,
B * i  = 0 , s i n c e  L ^ /L  = 0 , w h e re  i  i s  a n  i n c l u s i o n .  S u p p o s e
<M> e k e r  ( a )  * t h e n  L c  L^ c  M , t h a t  i s ,  <L ^/L >  = 0 ,
w h e r e  L i s  a  D - l a t t i c e ,  i t  f o l l o w s  t h a t  t h e r e  e x i s t s  a
D -s u b m o d u le  N c  L ^ /L  w i t h  N± = N . L e t  N = a ^ C N )  a n d
we know L cz W c: L ^  . We c l a i m  t h a t  N = : T h a t  N c  c  L^
i s  c l e a r  by  t h e  d e f i n i t i o n  o f  L^ . I f  v e ,  t h e n  v  e L^
a n d  v  H v+L = v  e W^/L = N1 = N . H e n c e ,  v  e N . So t h e r e
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i s  a  w e N w i th  v-w  e L an d  i t  i m p l i e s  t h a t  v  e N . 
F i n a l l y ,  s i n c e  N i s  a  D -m odu le , <M> = i (< N > )  . T h is  show s 
k e r  ( a )  = im ( i )  .
Theorem  2 . 3 . The s e q u e n c e
0 -* W(D) -* W(F) 7?  W(D/P)
P
i s  e x a c t .
P r o o f . Theorem  1 .3  s a y s  t h a t
W (T (F /D ))  = if® W(D/p) .
P
T heorem  2 .2  s t a t e s  t h a t  t h e  f o l l o w i n g  s e q u e n c e  i s  e x a c t ,
0 -► W(D) ■+ W(F) -► W (T (F /D )) .
T h e r e f o r e ,  0 -* W(D) -► W(F) E® W(D/P) i s  e x a c t .  T h is  i s
P
an e x a c t  s e q u e n c e  by  K nebusch an d  S c h a r l a u  [ 1 4 ] , (com pare w i t h  
[ 9 3 ) .
Up t o  t h i s  p o i n t ,  we h a v e  shown a  new a p p r o a c h  t o  t h e  
above  w e l l  known e x a c t  s e q u e n c e .
C o r o l l a r y  2 . 4 . The s e q u e n c e
0 ■* W(D) -» W(F) -» W (T (F /D )) -> -* 0
i s  e x a c t ,  w here  C i s  t h e  i d e a l  c l a s s  g ro u p  o f  a  D ed ek ind
2
domain D w i t h  q u o t i e n t  f i e l d  F , and  C i s  t h e  s u b g ro u p  o f
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s q u a r e s .
P r o o f . From [ 1 9 ] ,  p .  94 , we h a v e  t h e  s e q u e n c e
0 *♦ ¥ (D )  -* W(F) -> 2 ^  ¥ ( D /P )  0
P C
e x a c t .  From T heorem  1 . 3 ,  we h a v e  t h e  i so m o rp h is m
2 ?  ¥  (D /P ) = ¥  ( T ( F /D ) ) .
P
H en ce , t h e  s e q u e n c e  0 -+ ¥ (D ) -> ¥ ( F )  *♦ ¥ ( T ( F / D ) )  ■* -* 0
CT
i s  e x a c t .
Remark 2 . 5 . As [ 1 8 ] ,  p .  14 i n d i c a t e s  t h a t  C(D) ,  t h e  i d e a l
c l a s s  g r o u p ,  i s  i s o m o r p h ic  n a t u r a l l y  t o  t h e  P i c a r d  g ro u p  
P i c  (D) , t h e  s e t  o f  i s o m o rp h is m  c l a s s e s  o f  i n v e r t i b l e  m o d u le s  
u n d e r  t e n s o r  p r o d u c t .
CHAPTER IV 
APPLICATIONS AND GROUP ACTION
I n  t h i s  c h a p t e r ,  we e q u ip  e v e r y  m odule  w i t h  a  g ro u p  
a c t i o n  G a s  a  D - l i n e a r  a u to m o rp h is m  a n d  m o d ify  d e f i n i ­
t i o n s ,  lem m as a n d  th e o r e m s  f ro m  t h e  p r e v i o u s  c h a p t e r s .
§ 1 .  G roup A c t io n  G a n d  W i t t  g ro u p  W (G ;T (F /D ))  .
As b e f o r e ,  D i n d i c a t e s  a  D e d e k in d  d o m ain . We c o n s i d e r  
f i n i t e l y  g e n e r a t e d  i n n e r  p r o d u c t  D -m odu les  (GjM) ,  w here  G 
i s  a  D- l i n e a r  g r o u p  a c t i o n  on M ( i . e . ,  g (d x )  = d ( g x )  f o r  
a l l  g  e G ,  d e D and  x  e M) a c t i n g  a s  a  g ro u p  o f  D -m odule
i s o m e t r i e s , t h a t  i s ,  P ( g x ,g y )  = p ( x , y )  f o r  a l l  g  e G a n d
a l l  x , y  e M . F u r t h e r m o r e ,  t h e  v a l u e s  o f  i n n e r  p r o d u c t  a r e  
i n  F/D , w here  F i s  a s  u s u a l  t h e  q u o t i e n t  f i e l d  o f  a  D ede­
k i n d  dom ain  D . Now (G;M) ~  0 i f ,  and  o n ly  i f ,  t h e r e  i s  a
G - i n v a r i a n t  subm o du le  N c  M f o r  w h ic h  N = Nx , t h e  o r t h o ­
g o n a l  c o m p le m e n t . We w i l l  c a l l  (G;M) s p l i t  i f  (G;M) ~  0 .
W > i
F u r t h e r m o r e ,  (G;M) ~  (G;M ) i f ,  and  o n l y  i f ,  (GjM) © (Gj-M ) ~  0 .
The W i t t  c l a s s  o f  (G;M) i s  d e n o te d  by <GjM> a n d  t h e  c o l l e c ­
t i o n  o f  a l l  su c h  c l a s s e s  b y  W (G ;T(F/D}) f o r  t o r s i o n  m o d u le s .
^ 3
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Lemma l . X . S u p p o s e  N i s  an  i n v a r i a n t  s d b m o d u le  o f  f i n i t e l y  
g e n e r a t e d  i n n e r  p r o d u c t  t o r s i o n  D -m o d u le  (GjM) w hose  v a l u e s  
a r e  i n  F /D  , t h e n  Nx i s  a l s o  i n v a r i a n t  a n d  (W1 ) 1 = N .
P r o o f . L e t  x  e Nx . L e t  g  h e  a n y  e le m e n t  i n  G . I f  
P ( x , y )  = 0 f o r  a l l  y  e N , t h e n  ^ ( g x , y )  = P ( g x , g g - 1 y )  = 
p ( x , g ~ ^ y )  = 0 s i n c e  g _ 1 y  € N . H e n c e ,  gx  e N x ,  Nx i s  
i n v a r i a n t .  The p r o o f  o f  (Nx ) x = N i s  s i m i l a r  t o  t h a t  o f  
Lemma 2 . 1  i n  C h a p t e r  I ,  b e c a u s e  N a n d  Nx a r e  i n v a r i a n t  s u b -  
m o d u le s  .
Lemma 1 . 2 . L e t  (G$M) b e  a  t o r s i o n  m odu le  w i t h  g r o u p  a c t i o n  
G ,  a n d  l e t  (G ;S )  b e  a  s p l i t  t o r s i o n  m od u le  f o r  w h ic h  
(GjM©S) i s  s p l i t ,  w h e r e  t h e  a c t i o n  G on M&S I s  a  d i a g o n a l  
a c t i o n ,  i . e . ,  g ( m , s )  = ( g m ,g s )  f o r  g  e G , ( m , s )  e M$S ,  t h e n  
(G;M) i s  s p l i t .
P r o o f . T he  p r o o f  i s  s i m i l a r  t o  t h a t  o f  Lemma 2 . 6 ,  C h a p te r  I ,  
u s i n g  l a s t  lem m a a n d  Lemma 2 . 5  o f  C h a p t e r  I .  T h e r e f o r e ,  we h a v e  
a n  a n a l o g  o f  Lemma 2 . 7  o f  C h a p t e r  I .
T h i s  w i l l  p r o v e  t h e  t r a n s i t i v i t y  o f  W i t t  e q u i v a l e n c e  w i t h  
t h e  g r o u p  a c t i o n .  H e n c e ,  t h e  W i t t  e q u i v a l e n c e  w i t h  t h e  g r o u p  
a c t i o n  i s  an  e q u i v a l e n c e  r e l a t i o n .
Lemma 1 . 3 - The f o l l o w i n g  a r e  e q u i v a l e n t :
( 1 )  I f  (G;M) I s t o r s i o n  m o d u le ,  an d  ( G ;S )  i s  a  s p l i t  
t o r s i o n  m o d u le  f o r  w h ic h  (GjMBS) i s  s p l i t ,  t h e n  (G;M) i s
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s p l i t .
(2 )  I f  (GjM-J ® (G;-M2 ) ~  0 and (GjMg) © (G$-Mg) -  0 ,
t h e n  CGi Mi )  © (Gs-Mg) ~  0  .
F o r  t h e  c a s e  o f  f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  m o d u le s  w i t h  
g r o u p  a c t i o n ,  s t a b l y  s p l i t  i m p l i e s  s p l i t  i s  a l s o  t r u e  a s  r e ­
m ark e d  i n  2 . 9  a n d  2 . 1 0  o f  C h a p t e r  I .
Lemma 1 . 4 . I f  N c  M i s  an  i n v a r i a n t  subm odu le  w i t h  N c  N1 ,
t h e n  <G;M> = < G ;N V n> .
P r o o f . Lemma 3*2 o f  C h a p t e r  I  shows t h a t  n V n h a s  a  n o n ­
s i n g u l a r  i n n e r  p r o d u c t  s t r u c t u r e .  We know t h e  a c t i o n  G on 
n V n 3-s ^he  i n d u c e d  a c t i o n ,  i . e . ,  (g ,x+N )  = gx + N s i n c e  N
i s  i n v a r i a n t .  L e t  v :  W1 -* N^/W b e  a  q u o t i e n t  homomorphism. 
T h i s  i s  a n  e q u i v a r i a n t  i s o m e t r y .  The r e s t  o f  t h e  p r o o f  i s  s i ­
m i l a r  t o  t h a t  o f  Lemma 3*5* C h a p t e r  I .
D e f i n i t i o n  1 . 5 . The i n n e r  p r o d u c t  m odule  (G;M) i s  G - a n i s o ­
t r o p i c  i f ,  and  o n l y  i f ,  f o r  e v e r y  i n v a r i a n t  su b m o d u le ,  N c  M 
w i t h
r a d  (N) = NnNJ‘ = {0) .
Theorem  1 . 6 . E v e ry  e l e m e n t  i n  W (G ;T(F/D))  h a s  a  G - a n i s o t r o p i c  
r e p r e s e n t a t i v e  w h ic h  i s  u n i q u e  u p  t o  e q u i v a r i a n t  i s o m e t r y .
P r o o f . The r e p e a t e d  a p p l i c a t i o n  o f  Lemma 1 . 4  p r o v e s  t h e  
e x i s t e n c e  o f  t h e  r e q u i r e d  r e p r e s e n t a t i v e .
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The p r o o f  o f  t h e  u n i q u e n e s s  i s  s i m i l a r  t o  t h a t  o f  
Theorem  3 *6 ,  C h a p t e r  I . We o n l y  n e e d  t o  o b s e r v e  t h a t  t h e  
G - a n i s o t r o p i e  means t h a t  f o r  a n y  G - i n v a r i a n t  su bm o du le  A , 
r a d  (A) = AI~IAX = ( 0 )  . F i n a l l y ,  N i s  t h e  g r a p h  o f  an
e q u i v a r i a n t  i s o m o r p h i s m  f : A  •+ A* , w h ic h  s a t i s f i e s
p '  ( f  ( a ) , f  ( a . ^ )  = p ( a ^ )  .
§ 2 .  L o c a l i z a t i o n  a n d  Group A c t i o n .
Lemma 2 . 1 . L e t  (G;M) be  a  f i n i t e l y  g e n e r a t e d  G - a n i s o t r o p i c  
t o r s i o n  R -m odu le ,  w h e re  B i s  a  l o c a l  r i n g .  I f  t h e  m ax im al  
i d e a l  I  o f  R I s  p r i n c i p a l ,  s a y  I  = ( q )  , t h e n  qM = 0 .
P r o o f .  As i n  t h e  p r o o f  o f  3*1# C h a p t e r  I I ,  we h a v e  q^M = 0 .
k - 1  iS u pp o se  t h e r e  i s  a  m e M s u c h  t h a t  q m  f  0 . L e t  
A «  <qk“ 1m> = Rqk_1m b e  G - i n v a r i a n t ,  p ( d q ^ " ^ m ,q lc“ ^m) = 
p ( d q ^ S i^ q ^ S n )  = 0 ,  w h e re  d e R . I t  f o l l o w s  t h a t  d q k" \ i  e A1 . 
I n  p a r t i c u l a r ,  q  ~ m e AHA = [ 0 ] , b e c a u s e  (G;M) I s  a n i s o ­
t r o p i c .  T h e r e f o r e ,  q ^ '^ m  = 0 . S i m i l a r l y ,  qk _ 2m= • • •  =qm = 0
f o r  a l l  m e M .
L e t  Dp be  t h e  l o c a l  r i n g  o f  D a t  a  p r i m e  i d e a l  P .
L e t  G b e  t h e  g r o u p  a c t i o n  on M . I f  we d e f i n e  G a c t i n g  on
I^D-p b y  g ( m ,a )  = ( g m ,a )  , w h e re  g e G , m e M a n d  a  e Dn ,
D *
t h e n  we h a v e  a r e s u l t  s i m i l a r  t o  Theorem 3*5  o f  C h a p t e r  I I .
Theorem  2 . 2 . L e t  (G;M) b e  a  f i n i t e l y  g e n e r a t e d  t o r s i o n
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D-module  w i t h  i n n e r  p r o d u c t  {9 . Suppose  ( M ^ D p ,^ )  i s  a
D *
G - a n i s o t r o p i c  D -m o d u le ,  where  Dp i s  a  l o c a l  r i n g  o f  a
D ed ek in d  domain  D a t  P . I f  I  i s  a  u n i q u e  m ax im al  i d e a l
o f  Dp , t h e n  (GjM®Dp) i s  a  f i n i t e  d i m e n s i o n a l  v e c t o r  s p a c e
D
o v e r  D p / l  w i t h  g r o u p  a c t i o n  G .
§3• The I s o m o r p h i s m  a n d  t h e  E x a c t  S e q u e n c e  w i t h  Group  A -c t io n .
R e c a l l  Theorem 2 . 1 ,  C h a p t e r  I I ,  i f  M i s  a  f i n i t e l y -  
g e n e r a t e d  t o r s i o n  D-m odule  an d  i f  (M,£) i s  an a n i s o t r o p i c  
i n n e r  p r o d u c t  m odule  w i t h  v a l u e s  o f  p i n  F/D , t h e n
M = M(P1 ) © M(P2 )© • • •  ©M(Pn ) ,
w he re  M(P^) = fx  e MjP^x = 0 )  .
Now i f  we p u t  a  g r o u p  a c t i o n  G on M , t h e n  M(P^) i s
a n  i n v a r i a n t  subm odule  s i n c e  P ^ ( g x )  = g ( P ^ x )  = 0 f o r  a l l
g  e G , x  e M(Pi ) . H en ce ,  (GsM) = S® (G;M(P1 ) )  , w he re
Pi
P^ r u n s  a  c e r t a i n  f i n i t e  nu m b er  o f  P ^ ‘ s .
Theorem 3 . 1 . We h a v e  t h e  f o l l o w i n g  i s o m o r p h i s m
W (G jT (F /D )) ~  7® W(G;D/P) ,
P
w h e re  D, P and F a r e  a s  u s u a l ,  and  G i s  a  g ro u p  a c t i o n . 
P r o o f . T h i s  i s  a n a l o g o u s  t o  Theorem 1 .3*  C h a p t e r  I I I .
To d e f i n e  t h e  b o u n d a r y  homomorphism a ,
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a :W (G ;F)  -» W(GjT(F/D)} ,
we h a v e  t h e  same p r o c e d u r e  as. §2,  C h a p t e r  I I I .  We o n l y  n e e d  
o b s e r v e  t h a t  i f  (GjL)  ~  0 , t h e n  we r e q u i r e  t h e  subm odule  
L j  c  L w i t h  be i n v a r i a n t  u n d e r  t h e  g r o u p  a c t i o n .
T h e r e f o r e ,  we hav e  an  a n a l o g  o f  T heorem s 2 . 2  a n d  2 . 3 > C h a p t e r  
I I I ,  a s  f o l l o w i n g  t h e o r e m .
Theorem  3 - 2 . The f o l l o w i n g  two s e q u e n c e s  a r e  e x a c t :
0 -> W(GjD) •+ W(G$F) -» W(GsT(F/D))
0 -♦ W(G;D) -» W(G;F) -» 2® W(GjD/P) .
P
We s h o u l d  n o t e  t h a t  i f  G i s  a  g r o u p  a c t i o n  on M , t h e n
t h e  a c t i o n  G on M®F w i l l  b e  d e f i n e d  a s
D
g ( m , f )  = (g m ,f )  f o r  g e G , m e M and  f  e F .
I
CHAPTER V
APPLICATIONS TO SMOOTH FINITE GROUP ACTIONS
§ 1 .  The B o rd i sm  A l g e b r a  a n d  t h e  W i t t  R i n g ;
L e t  u s  r e c a l l  t h a t  a  L i e  g r o u p  G h a s  a  u n i q u e  C°° 
s t r u c t u r e  f o r  w h ic h  t h e  map GXG -* G t a k i n g  ( g , h )  h* gh i s  
sm o o th .  By a  sm ooth  a c t i o n  o f  a  L i e  g r o u p  G on a  sm ooth  m a n i ­
f o l d  M , we mean an a c t i o n  0:GxM -* M w h ich  i s  a  sm ooth  map.
We w i l l  s i m p l y  c a l l  t h i s  a  sm ooth  G - a c t i o n  on M .
T h r o u g h o u t  t h i s  c h a p t e r ,  we w i l l  a ssum e t h a t  G = ir i s  a  
f i n i t e  g ro u p  a c t i n g  on a  c om pac t  o r i e n t e d  m a n i f o l d  a s  a  g ro u p  
o f  o r i e n t a t i o n  p r e s e r v i n g  d i f f e o m o r p h i s m s . We d e f i n e  t h e  b o r d i s m  
e q u i v a l e n c e  i n  t h e  f o l l o w i n g  d e f i n i t i o n .
D e f i n i t i o n  1 . 1 . L e t  (ttjM11) be  a  f i n i t e  g r o u p  o f  o r i e n t a t i o n  
p r e s e r v i n g  d i f f e o m o r p h i s m  a c t i n g  on a  c l o s e d  o r i e n t e d  m a n i f o l d  
yp  . Two c l o s e d  n - m a n i f o l d s  (ttjM11) a n d  (7r;Nn ) a r e  i n  t h e  
same b o r d i s m  c l a s s  i f  t h e r e  e x i s t s  a  com pac t  (n+1 ) - m a n i f o l d  
( i r f 5 ) su c h  t h a t  aWn+ 1  = Mn U  -Nn , t t '  |Mn = tt a nd  
7r '  (Nn = tr , w h e re  Li i n d i c a t e s  t h e  d i s j o i n t  u n i o n ,  a n d  t t '  i s  




L e t  £>n (7r) b e  t h e  c o l l e c t i o n  o f  e q u i v a l e n t  b o r d i s m  
c l a s s e s .
D e f i n i t i o n  1 . 2 . L e t  [ ttjMn ] d e n o t e  t h e  o r i e n t e d  b o r d i s m  c l a s s  
o f  (tt;Mn )' . And, l e t  [7r;Mn ] ,  0 ; N n ] e On (ir) . We d e f i n e  t h e  
a d d i t i o n  a s  [ t t5 ] + [ir;Nn ] = [ir;Mn U  Wn ] e &n (7r) ,  where  
M^U Nn i s  t h e  d i s j o i n t  u n i o n  o f  Mn a n d  Nn .
S i n c e  Mn U  Nn = Nn Li Mn , t h e n  On (ir) , t h e  o r i e n t e d
b o r d i s m  g r o u p  o f  o r i e n t a t i o n  p r e s e r v i n g  f i n i t e  g r o u p  a c t i n g  on 
c l o s e d  n - m a n i f o l d s ,  i s  an  A b e l i a n  g r o u p ;  compare  [7* 1 - 1 0 ] .  I f  
we a s s i g n  t o  e a c h  c l o s e d  o r i e n t e d  m a n i f o l d  t h e  t r i v i a l  g r o u p  
a c t i o n  I  , t h e n  (>n ( l )  = 0 n ; s e e  [ 5 ;  p .  9 9 ] a n d  [ 7 ;  p .  8 9 ]*
D e f i n i t i o n  1 . 3 . L e t  0 # (ir) = 3̂ (>n (7r) . We d e f i n e  t h e
n - 0  „  , „  |
m u l t i p l i c a t i o n  i n  £># (7r) a s  jN ] = [ttxtt jM^xN ] .
(ir) i s  a  r i n g  by  t h e  abov e  d e f i n i t i o n .  F u r t h e r m o r e ,  we
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can  embed q = S q  i n t o  0 *( ir )  , t h e n  we g i v e  t o
n =0 n
00
7r) ~^he s t r u c t u r e  o f  g r a d e d  c o m m u ta t iv e  a l g e b r a
n =0 
o v e r  Q .
B e f o r e  we can de f ine  a  m app ing  f ro m  0 * ( tt) t o  t h e  W i t t  r i n g  
o v e r  Z , we w i l l  i n t r o d u c e  t h e  s y m m e t r i c ,  b i l i n e a r  and  n o n ­
s i n g u l a r  i n n e r  p r o d u c t  |3 on cohom ology  module  w i t h  r a t i o n a l  
c o e f f i c i e n t s .  L e t  b e  a  f i n i t e  g ro u p  o f  o r i e n t a t i o n
p r e s e r v i n g  d i f f e o m o r p h i s m s  a c t i n g  on a  c l o s e d  o r i e n t e d  m a n i f o l d
llri y # Op . v .
M . And, l e t  (ir ;H (M;Q)) b e  t h e  cohomology  m odu le  w i t h
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t h e  g r o u p  a c t i o n  ir i n d u c e d  by tt . We w i l l  w r i t e  
( in H 211 (M ;Q)) i n s t e a d  o f  (ir j H ^ f M j Q ) )  f o r  c o n v e n i e n c e .
D e f i n e  t h e  b i l i n e a r  fo rm  f3:H2n (MjQ) x H2n (M;Q) -» Q b y  
0 (x*y)  = e * ( ( x u y )  n  cr) e Q , where  e *  i s  t h e  a u g m e n t a t i o n  
homomorphism and  cr i s  t h e  o r i e n t a t i o n  c l a s s  i n  H^n (M;Z) .
(3 i s  p r e s e r v e d  by  ir s i n c e  ir p r e s e r v e s  t h e  o r i e n t a t i o n .  The 
n o n - s i n g u l a r i t y  f o l l o w s  i m m e d i a t e l y  f r o m  P o i n c a r e  d u a l i t y ,  s i n c e  
f o r  any  x  e H211 (M;Q) , t h e r e  e x i s t s  y  e H2n (M;Q) = H ^ f M jQ )  
su c h  t h a t  p ( x , y )  e Q . T h e r e f o r e ,  t h e  W i t t  c l a s s  <Tr;H2n (M;Q)> 
b e l o n g s  t o  W(ir;Q) , S i n c e  H ^ f M j Z j / T o r  can be  embedded in  
H211 (MjQ) , <7r ;H2n (M ;Z ) /T or>  b e l o n g s  t o  W(tt ;z) i n  a  s i m i l a r  
m a n n e r .  I n  o r d e r  t o  d e f i n e  a  mapping  f r o m  t o  W(tt;Z) ,
we w i l l  d e f i n e  a mapping cp f ro m  0 # (ir) t o  W(tt;Q) f i r s t .
T hen ,  b y  0 -» W(tt;Z) *+ W(7r ;Q )  and by  t a l c i n g  r e s t r i c t i o n  o f  
t o  H2n (M;Z) , we w i l l  have  ■» WfirjZ) .
Lemma 1 . k . L e t  b e  an  o r i e n t e d  b o r d i s m  c l a s s  I n  0 # (ir)
o f  o r i e n t a t i o n  p r e s e r v i n g  f i n i t e  g ro u p  a c t i o n  on c l o s e d  m an i­
f o l d s .  D e f i n e  cp([Tr;M^n ] ) = < 7 r;H 2 r i(M;Q)> e W(ir;Q) . Then cp 
I s  a  b o r d i s m  i n v a r i a n t .
P r o o f . L e t  ( t t  b e  an  a c t i o n  on a  compact  o r i e n t e d  m an i ­
f o l d  su c h  t h a t  (m ' jaB )  = (7rjM^n ) . I f
t / l r |4 l  Z| n *
a e H4 n + l ( B or:3-e n 't a 't i o n  c l a s s ,  t h e n
£ * { 0 ' )  = d I s o r i e n t a t i o n  c l a s s  i n  l l^ (N l^ n jZ)  . C o n s i d e r
t h e  e x a c t  s e q u e n c e
j  1 6
-> H2n (B;Q) H2n (M;Q) -* H2n+1 (B;MjQ) .
L e t  W c  H2n (M^n ;Q) be  t h e  Image o f  i *  . W i s  a  i r - i n v a r i a n t  
s u b s p a c e  o f  H2n (MjQ) . L e t  v ,w e H2n (B;Q,) , we h a v e
= (vww) A  i # ( a )
= (vuw) r\ i + ( 9 # a ' )  = (vvw) r \  0 = 0  .
i *
T h e r e f o r e ,  by  0 -* Hq (M;Q) ■+ Hq(B;Q) , we o b t a i n  
i * ( w w )  f \  c = 0 a n d  e * (  (1* (v )  \J i * ( w ) ) A  a = 0 . T h a t  i s  
0 ( i * ( v ) , 1 * (w ) ) = 0 , and  W i s  s e l f - a n n i h i l a t i n g .  We w i l l  
p r o v e  t h a t  2 d im  W = dim H2n (M;Q) s o  t h a t  W i s  a  s p l i t t e r  i n
py-.
H (MjQ) . L e t  U be a  d i r e c t  summand o f  W . U d o e s  e x i s t  
s i n c e  H (M;Q) i s  a  v e c t o r  s p a c e  and  s i n c e  W = i m ( l  ) -  
k e r ( 6 * )  . I f  v  e U , t h e n  &*(v) ^  0 e H2ri+1 (B^xl+1 ,Mi,'n ;Q) = 
H2n ( B ; Q ) , so t h e r e  e x i s t s  u  e H211 (B^n+1 ;Q) w i t h
|  ^
€ *((& ( v ) v u )  n  a ) = e # ( ( v u i  ( u ) ) r » c )  /  0  .
I t  f o l l o w s  t h a t  U i s  d u a l l y  p a i r e d  w i t h  W i n t o  Q, . So
H2n (M;Q) = W©U a n d  W = U . Thus d im W = dim U =
■jj d im  H2n (M^n ;Q) . T h e r e f o r e  (v ;H 2n (M ;Q )) i s  s p l i t ,  a nd  
cp([Tr;M^n ] ) = <7r 5H2n (M;Q)> = 0 e W(r ;Q) . Hence <ir;H2n (M;Q)>
d e p e n d s  on t h e  b o r d i s m  c l a s s  o n l y .  T h i s  p roveB  t h a t  cp I s
b o r d i s m  i n v a r i a n t .
Lemma 1 . 5 . L e t  0*(fr )  a n d  cp b e  a s  i n  t h e  p r e v i o u s  lemma. Then
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9  i s  a  r i n g  hom om orph ism .
P r o o f . L e t  [irsM^m] ,  [ i r ' j N ^ n ] e o-# (ir) . Then  
c p f f T T i ^ l f T r ' i N 4 " ] )  = <p([7rx7r! jM ^ x N 411] ) =
<TTXTr' ; H 2 (m + n ) (M4mxN4 n ; Q ) >  =  < ttxtt' ;  E® HP (M ;Q )  0  Hq ( N ; Q ) >
p+q=2 (m+n)
=  <7rxTT, ; H 2 m (M jQ )  0  H 2 n ( N ; Q )  © & Hp ( M ;Q )  0  Hq ( N ; Q ) >  .
p + q = 2 (m+ n ) 
p ^ 2m ,q ^ 2n
T he  s e c o n d  t o  t h e  l a s t  e q u a l i t y  i s  du e  t o  Kuniaeth f o r m u l a  f o r  
c o h o m o lo gy  o v e r  Q .
<irx7r f ;  E® HP (M ;Q )  0  Hq ( N j Q ) >  =  0  
P+q=2(m+n) 
p ^ 2m ,q ^ 2n
s i n c e  E® HP (M;Q) 0  Hq (NjQ) h a s  a  s p l i t t e r  
p +q=2 (m+n) 
p^2m, q / 2 n
if® H^(MjQ) 0  H^(NJQ) w i t h  h a l f  o f  t h e  d i m e n s i o n s .
i + j = 2 ( m + n ) - l
I t  f o l l o w s  t h a t  cp([TTjM][ 7T* j N ] ) = <7rxF '  0 H2n (N;Q)> =
;H2n (W;Q)> . F u r t h e r m o r e ,  l e t  U  i n d i c a t e  t h e  
d i s j o i n t  u n i o n .  We h a v e
cpfCTr-M4 ” ] + [ ttiN4 ” ] )  = c p d ^ M ^ j J  N4 *1] )
= <7r ;H 2 n ( M U N ; Q ) >  =  <7r ;H2 n (M ;Q )  © H2 n ( N ; Q ) >  
=  < i r ; H 2 n  ( M ;Q ) >  +  <Tr;H2 n  ( N ; Q ) >  = cp([7T ̂ M4 *1 ] )
+ cp([7r; w4 n ] )  .
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L e t  [ir;M^n ] b e  a  b o r d i s m  c l a s s  i n  ©*(ir) o f  o r i e n t a t i o n  
p r e s e r v i n g  f i n i t e  g r o u p  a c t i o n  on c l o s e d  m a n i f o l d s .  D e f i n e  
(['rr;M^r i ] ) = <7r jH 2n {M5 2 ) / T o r >  e W (ir ;z )  b y  t a k i n g  t h e  im a g e  o f
cp r e s t r i c t e d  t o  t h e  c o h o m o l o g y  m o d u le  o v e r  Z .
T heo rem  1 . 6 . L e t  t  b e  d e f i n e d  a s  a b o v e , t h e n  i|i i s  a  b o r d i s m  
i n v a r i a n t  a n d  a  r i n g  h o m o m o rp h ism .
P r o o f . S i n c e  W(ir;Z) i s  em bed d ed  i n  W(ir;Q) and  
( ir ;H2n ( M ; Z ) / T o r )  c an  b e  em b e d d ed  i n  ( i r ;H 2n (M;Q)) , i f  
(7r;H2n (M jQ )) s p l i t s  i n  W(ir;Q) , t h e n  (7T;H2n ( M ; Z ) / T o r )  s p l i t s  
i n  W(ir;Z) . T hus  ¥ i s  a l s o  a  b o r d i s m  i n v a r i a n t  a s  a  r e s u l t  o f  
Lemmas 1 . 4  a n d  1 . 5 *  The K u n n e t h  f o r m u l a  f o r  c o h o m o lo g y  o v e r  Z 
a n d  < t t x t ' ; H 2m(M;Q) ® H2 n (N ;Q )>  = 0 i m p l y
<TTiH2m ( M j Z ) / T o r  ® H2n ( N ; Q ) / T o r >  = 0 . I t  y i e l d s  t h e  sam e  r e s u l t
a s  I n  Lemmas 1 . 4  a n d  1 . 5 .  So \jr i s  a  r i n g  ho m om o rp h ism .
Rem ark  1 . 7 * We know i f  ir i s  a  p - g r o u p ,  p  = odd p r i m e ,  t h e n
W*(ir ;Z) = W(irjZ) © W2 ( i r ;Z )  h a s  n o  t o r s i o n ;  s e e  [ 3 ;  p .  431* 
w h e r e  W2 ( i r ;Z )  i s  t h e  W i t t  r i n g  o f  s k e w - s y m m e t r i c  f i n i t e l y  
g e n e r a t e d ,  p r o j e c t i v e  I n n e r  p r o d u c t  m o d u l e s  o v e r  z w i t h  i s o ­
m e t r i c  g r o u p  a c t i o n .  F o r  p  = 2 , t h e n  W(Z2 ;Z )  = Z©Z©Z2  ,
[ 4 ,  p .  1 ]  . T he  t o r s i o n  e l e m e n t  i n  W(Z2 $Z) i s  r e a l l y  i n  t h e
im a g e  o f  f y ( Z 2 ) "* W(Z£ ; Z )  , [5* P* 7 - 9 ] *
§ 2 .  The T o r s i o n  Module  T o r g n (M) f r o m  t h e  B o u n d a ry  o f  a  M a n i f o l d
I n  t h i s  s e c t i o n  a n d  t h e  f o l l o w i n g  s e c t i o n s ,  we w i l l  d e f i n e
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t h r e e  i n n e r  p r o d u c t  t o r s i o n  m o d u le s  f r o m  t h e  "boundary o f  a  
m a n i f o l d ,  f rom  t h e  b o u n d a ry  o p e r a t o r  a n d  f r o m  t h e  m a n i f o l d  
r e s p e c t i v e l y .  We w i l l  p r o v e  t h e  W i t t  c l a s s e s  o f  t h r e e  t o r s i o n  
m o d u le s  a r e  e q u a l  i n  s e c t i o n  5 . And, t h e r e f o r e ,  we w i l l  r e a c h  
t h e  m a in  th e o r e m  o f  t h i s  c h a p t e r ,  (Theorem s . 1 ) .
We a r e  g o i n g  t o  c o n s i d e r  a  smooth o r i e n t a t i o n  p r e s e r v i n g  
a c t i o n  on a  c l o s e d  o r i e n t e d  ( 4 n - l ) - m a n i f o l d  and t h e n
d e f i n e  and s t u d y  a n  i n v a r i a n t  wfir^M) e W(7t; T ( q / Z ) )  .
L e t  Tor^(M) b e  t h e  t o r s i o n  s u b g r o u p  o f  H^(M;Z) . D e f i n e  
t h e  i n n e r  p r o d u c t  p on T o r  (M) w i t h  v a l u e s  i n  Q / z  ( s e e  
[ 1 3 ] )  a s  f o l l o w s .  From t h e  c o e f f i c i e n t  s e q u e n c e  
0 -*■ Z -* Q ■+ Q /z  -> 0 , we h a v e  t h e  B o c k s t e i n  homomorphism 
Ta* (& iQ /z )  -* H2n (MjZ) . The image o f  b* i s  e x a c t l y
T o r 2n (M) s  T o r  H2n (MjZ) f o r  i f  we c o n s i d e r  t h e  f o l l o w i n g  e x a c t  
s e q u e n c e
*  *  *
H2n_1  (M jQ/z)  b+ H2n (M;Z) ® H2n (M;Q) * H2n (M;Q/Z) ,
t h e n  a  (Tor  H2 n (M;Z))  = 0 e H2n (M;Q) w h ic h  i s  t o r s i o n  f r e e  a n d  
k e r ( a * )  = T o r  H2n (M;Z) . L e t  x , y  e T o r 2n (M) ,  c h o o s e  
z e H2n - 'L(M;Q/z) w i t h  b ( z )  = x  . The cup  p r o d u c t  
z v y  € H^n ”1 (M;Q/Z ® Z) = jA n - 1  (MjQ/Z) f o r  q / z  i s  a  
Z - m o d u l e . Now, l e t  a e H^n _^(M;Z) be  t h e  o r i e n t a t i o n  c l a s s .
The c a p  p r o d u c t  ( z u y ) h  a  e Hq (M;Q/Z ® Z) = HQ(M jQ/z)  .
S u p p o se  M i s  a  c o n n e c t e d ,  c l o s e d ,  o r i e n t e d  m a n i f o l d .  The 
a u g m e n t a t i o n  : Hq (M;Q/Z)  ■+ H Q ( p t ;Q /z )  = Q/Z I s i n d u c e d  by
t h e  map e : p t  -* M . Now, d e f i n e  p : T o r 2n (M) x T o r 2n (M) -» Q /z
b y  0 ( x , y )  = e # ( ( z u y ) o o )  e q / z  . C l e a r l y ,  0 i s  - b i l i n e a r .
We w i l l  p r o v e  t h a t  0 i s  a  n o n s i n g u l a r  s y m m e t r i c  b i l i n e a r  f o r m  
on T o r  (M) w i t h  i s o m e t r i c  g r o u p  a c t i o n .  D e n o t e  t h e  
W i t t  c l a s s  o f  (7r ; T o r 2n (M )) b y  w(tt ;M) = <7r ; T o r 2n (M)> .
Lemma 2 . 1 . L e t  0 b e  t h e  b i l i n e a r  f o r m  d e f i n e d  a s  a b o v e .  T h en  
0 i s  w e l l  d e f i n e d .
P r o o f . S u p p o s e  z , z ’ e H211" 1  (MjQ / z )  s u c h  t h a t  b * ( z )  = b * ( z ' )  
x  . H ence  b ( z - z  ) = 0 . T h e r e  e x i s t s  s  e H (MjQ) s u c h
t h a t  r * ( s )  = z - z '  . s w y  e i m p l i e s  r * ( s v / y )  €
H^n ~ l ( M 5Q/Z) . F u r t h e r m o r e ,  we h a v e  r * ( s u y )  = r * ( s ) \J  y  =
|  |  ^  |
( z - z  ) \ j  y  = ( z u  y )  -  (z  \ j  y )  . S i n c e  b  [ ( z y y )  -  (z \ j  y )  ] =
b r  ( s v y )  = 0  ,  we o b t a i n  ( z \ / y )  -  (z u  y )  = r  ( t )  f o r  some 
t  e H^n *"'L(MsQ) . i s  t o r s i o n  f r e e  i m p l i e s  r *  i s
a  t r i v i a l  h o m o m o rp h ism .  T h u s  r  ( t )  = 0  . i t  f o l l o w s  t h a t
i
z u y  = z u  y  . T h i s  p r o v e s  0 i s  w e l l  d e f i n e d .
Lemma 2 . 2 . L e t  0 b e  a s  i n  t h e  p r e v i o u s  lem m a.  T h en  0 i s  a  
s y m m e t r i c  b i l i n e a r  f o r m .
P r o o f .  F o r  a n y  i j i ^  e C2n (M;Z) r e p r e s e n t i n g  x  e H2n (MjZ) , 
t h e r e  e x i s t s  cp2n e C2n (MjQ) a s  a n  e x t e n s i o n  o f  i|t2n t o  t h e
r a t i o n a l  c o e f f i c i e n t ,  s u c h  t h a t  scp2*1 -1  = , w h e r eX
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Pn 1
I f  we p a s s  cp “ t o  Q/Z , t h e n  t h e  c o r r e s p o n d i n gA
e c 2n “ 1 (M5Q/Z)  . S i n c e  6 4 ? 1-1 = 0 o v e r  Q/Z , t h e r eA A
e x i s t s  z e H2n _ 1 (M ;Q/z)  r e p r e s e n t i n g  $2 n “ 1  and  t h e r e f o r eA
b * ( z )  = x  . S i m i l a r l y ,  t h e r e  e x i s t s  z '  e H 2 n ~ ^ ( M ; Q / z )  s u c h  
t h a t  b * ( z ' )  «  y  . L e t  a 2n e Z2n (M;Z) r e p r e s e n t  x  e H2n (M;Z)
a n d  p ^ ”  e Z2n (MjZ) r e p r e s e n t  y  e H2n (M;Z) . L e t  
cp2 0 ” 1 e C2n" 1 (M;Q) »  S2 *1 -1  e Z2*1” 1  (M ;q /Z)  a n d
cp̂ - 1  e C2n " 1 (MjQ) h  e Z2n - 1 (M;Q/Z) , w h e re  Sep2 *1” 1  = <^n
a n d  fiqj2” " 1  = p 2n . We h a v e  z u y  = $2 n " 1 u  p 211 and  y y ^ y
* 2n - l  2n
Z  v  x  ~ $ ^ n ■L u  o £ n  .
S i n c e  qp2nu 'I‘cP̂ n ” 1 e C^n ” 2 (MjQ) , we o b t a i n
cp^1-1) = 6cp2 n _ 1 0  cp̂ " 1  + C - l ) 211" 1 ^ 2 0 " 1 ^  5<P2 n - 1  .
T hus  M c p x ^ u  tPy""1 ) = <*£%  qp̂ " 1  -  cp2^ 1 ? ^ 1" 1  • P a s s i n g  t o
2n* r „ 2nq / Z  * we g e t  a x n 4y  -  $x Pyn = 0  * T h e r e f o r e ,  x u  z '  = z \ ; y  . But
i . . 2n i i  i
x o  z = ( - 1 )  z u  x = z v  x  . So z u y  = z v f x .  H e n c e ,  0 (y»x)
e * [ ( z ' u  x ) a  a]  = e * [ ( z v > y ) A a ]  = p ( x , y )  .
Lemma 2 . 3 . L e t  (3 b e  t h e  s y m m e t r i c  b i l i n e a r  f o r m  on T o r 2n (M) 
a s  i n  t h e  p r e v i o u s  lem m as .  Then p i s  a  n o n - s i n g u l a r ,  s y m m e t r i c
pn
b i l i n e a r  f o r m .  And, t h e r e f o r e ,  (T o r  ( M ) ,p )  i s  an i n n e r
pn
p r o d u c t  t o r s i o n  m o d u l e .  And, < i r ;T o r  (M)> = w(irjM) e W(tt$T ( Q / Z ) )
P r o o f . We h a v e  p r o v e d  t h a t  t h e  b i l i n e a r  f o r m  p on T o r 2n (M) 
i s  w e l l  d e f i n e d  a n d  s y m m e t r i c  i n  t h e  p r e v i o u s  lem m as .  Now we
2 no n l y  n e e d  t o  p r o v e  t h a t  f o r  e a c h  cp e Hom(Tor ( M ) ;q /Z )  » t h e r e
pn
e x i s t s  one  and  o n l y  one e l e m e n t  x  e T o r  (M) s o  t h a t
I
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P ( x #y )  = cp(y) f o r  a l l  y  e T o r 2n (M) . I f  t h e r e  a r e  x  and
x* s u c h  t h a t  £ ( x ' , y )  = p ( x , y )  = cp(y) f o r  a l l  y  e T o r 2n (M) , •
|  p —j
t h e n  p ( x - x  , y )  = 0 f o r  a l l  y  e T o r  (M) , Now, s u p p o s e
x Q = x - x '  , t h e n  P ( x Q, y )  = P ( y > x Q) = e # [ (z  w x Q) / \  a] = 0
f o r  a l l  b (z )  = y  e T o r  (M) , w h e r e  cr i s  t h e  o r i e n t a t i o n
c l a s s  i n  H ^ - j / M j Z )  . S i n c e  H2n " 1 (MiQ/Z) -> T o r 2" ^ )  i s  o n t o ,
we c a n  s a y  t h a t  e # [ ( z u  x Q) r\ a ]  = 0 f o r  a l l  z e H2n " 'L(M;Q/z)  . 
S i n c e  M i s  c o n n e c t e d ,  z \ y = 0 f o r  a l l  z e H ^ ^ f M j Q / z )  .
I t  f o l l o w s  t h a t  x 0  =s 0 . T h e r e f o r e  x  = x* . T h i s  p r o v e s  t h e
u n i q u e n e s s .
To p r o v e  t h e  e x i s t e n c e :  l e t  cp e Horn (Tor  (M);Q/Z) w i t h  
cp(y) e Q/Z = Hq (M ;Q /z ) , t h e n  t h e r e  e x i s t s  cy  e Hq (M;Q/z ) s u c h
t h a t  cp(y) = e * ( c y ) . S i n c e  Hq (M ;Q /z)  = f ^ n - 1 (M ;Q/z)  , f o r
iln  1
a e H^n _ 1 (MjZ) , t h e  o r i e n t a t i o n  c l a s s ,  we h a v e  dy  e H (M;Q/z)
s u c h  t h a t  i  n  a = c . So f a r ,  we h a v e  cp(y) = e * ( d  / \  o) f o r
u i7 u
a l l  y  e T o r 2n (M) c  H2n (MjZ) . L e t  z e H2n “ 1 (M;Q/z)  c o r r e s p o n d
p>-j
t o  y  w i t h  b (z  ) = y  . S i n c e  f o r  a n y  y e T o r  (M) , we
1/
a s s o c i a t e  d e H^n ~1 (M;Q/Z) and  z e H2n ~1 (MjQ/z)  a n d  s i n c e
v v
H2n_ l ( M j Q / Z )  -» T o r 2n (M) i s  o n t o ,  t h e r e  e x i s t s  x  e H ^ f M j Z )
su c h  t h a t  z u x  = d . And, h e n c e  «p(y) = e * [  ( z  u  x )  r\ a ]  =
U V V
p { y , x )  . x e T o r ^ f M j Z )  f o l l o w s  i m m e d i a t e l y  f r o m  t h e  s y m ­
metry o f  p . T h i s  p r o v e s  t h e  n o n - s i n g u l a r i t y  o f  |3 . Com bin ing  
Lemma 2 . 1  and Lemma 2 . 2 ,  we have  ( T o r  (M),{3) i s  an  i n n e r  p r o ­
d u c t  t o r s i o n  m o d u l e .
Now (vjm) i n d u c e s  (7r ; T o r  (M)) and tr a c t s  a s  a  g ro u p
o f  i s o m e t r i e s  w i t h  r e s p e c t  t o  p . T h us  we h a v e  < i r ; T o r  (M)> 
w(ir;M) € W(7r ; T ( Q / z J )  . We s h o u l d  n o t e  t h a t  w(ir,M) i s  a n  i n ­
v a r i a n t  o f  t h e  o r i e n t e d  e q u i v a r i a n t  h o m o to p y  t y p e  o f  (v^M) .
I t  i s  n o t  a  "bord ism  i n v a r i a n t .
§ 3 .  The T o r s i o n  M o d u le  L ^ /L  f r o m  t h e  B o u n d a r y  O p e r a t o r  o f  
W i t t  G ro u p s
*i
S u p p o s e  (tt;M “  ) b o u n d s  a s  an  a c t i o n ;  t h a t  i s ,  t h e r e  i s
a  ( i r ;B^n ) on a  c o m p a c t  o r i e n t e d  4 n - m a n i f o l d  w i t h  (7r;aB) =
. We c a n  a l s o  d e f i n e  w (7r ;B )  e W (t t ;q )  . L o o k  a t  t h e
f o l l o w i n g  e x a c t  s e q u e n c e
* ^  #
H2n ( B , a B ; Z )  H ^ f B j Z )  - i ^ . H 2n ( d B jZ )
( c . l )  i  “ 2 T« ° 3
H2n ( B , a B ; Q )  *-H2n ( B ; Q ) ---- *-H2n (a B ;Q )  .
D e f i n e  P :  i m ( J * )  x i m ( J * )  ■+ Q b y
v
p ( J * x , J * y )  = e* [  y ) n  c^n ] e Q ,
w h e r e  = q^n e H4 n dBSz ) ^-s  ‘t h e  o r i e n t a t i o n  c l a s s .
Lemma 3 . 1 . L e t  t h e  b i l i n e a r  f o r m  p b e  d e f i n e d  a s  a b o v e .
T hen  ( i m ( J  ) , p )  i s  a  n o n s i n g u l a r ,  s y m m e t r i c  b i l i n e a r  Q - v a l u e d  
i n n e r  p r o d u c t  on i m ( J  ) w i t h  a n  i s o m e t r i c  g r o u p  a c t i o n .
■fc # I
P r o o f . We c l a i m  t h a t  p i s  w e l l  d e f i n e d  s i n c e  i f  J  x  = J  x 
t h e n  J * ( x - x ' )  = 0  a n d  t h e r e  i s  a  z  e H2n “ 'I' ( a B ;Q )  s u c h  t h a t
T . 1 N Ori . .
6 z = x - x  . We h a v e  ( x - x  ) v y  = 6 z u  y  w i t h  6 z e B (B ,d B ;Q )
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Pna n d  y  6 H (B ,sB ;Q )  . I t  i s  c l e a r  t h a t  6 z \ j y  i s  z e r o  s i n c e  
6 z i s  i n  t h e  c o b o u n d a r y  c l a s s  b u t  y  i s  a  r e l a t i v e  c l a s s .  The 
p r o o f  o f  n o n - s i n g u l a r i t y  i s  s i m i l a r  t o  t h a t  o f  Lemma 2 . 3 .  T h e r e ­
f o r e ,  t h e r e  i s  a  s y m m e t r i c  Q - v a l u e d  i n n e r  p r o d u c t  p on
•H*
i m ( J  ) a n d  tt a c t s  on i m ( J  ) a s  a  g r o u p  o f  i s o m e t r i e s  t o  
y i e l d  wfrn^B) = <tt; i m ( J * ) >  € W(ir;Q) .
Prom C h a p t e r  IV ,  s e c t i o n  3» we h a v e  a n  e x a c t  s e q u e n c e
a
0 ■+ W(tt jZ) -♦ W(ttjQ) -► W ( i r ;T ( Q /z ) )  *
Now, we know w(7r ;B )  e W(ttjQ) . The  q u e s t i o n  i s  t h a t  "wha t  
d o e s  t h e  im age  o f  w ( t t ;B )  l o o k  l i k e  u n d e r  t h e  b o u n d a r y  o p e r a t o r  
3 ?" As we know f ro m  C h a p t e r  I I I ,  s e c t i o n  2 ,  a ( w ( i r ; B ) )  = <ir;L^/L>  , 
f o r  some Z - l a t t i c e  L o f  i m ( J * )  a n d  i t s  d u a l  l a t t i c e  . I n
t h e  r e s t  o f  t h i s  s e c t i o n ,  we w i l l  f i g u r e  o u t  w h a t  L ^ /L  l o o k s  
l i k e .
C o n s i d e r  t h e  d i a g r a m  ( c . l ) .  Now l e t  T o r  (B) =
T o r  H^n ( B ; Z ) ,  t h e  t o r s i o n  s u b g r o u p  o f  H2n (B ;Z )  . P u t
L = i m ( j * ) / [ T o r 211 (B)n  I m ( J * ) ]  c  H2n ( B ; Z ) / T o r 2n (B) .
* # 
C l e a r l y ,  b y  a 2  > we c a n  s e e  t h a t  L i s  em bedded  i n  i m ( J  )
* \a n d  L i s  a  t t - i n v a r i a n t  Z - l a t t i c e  f o r  i m ( J  ) w i t h  
P { j * x , j * y )  = ^ [ ( x o y ) ^ ^ ]  , w h e r e  c r ^  € H ^ f B ^ B j Z )  , a n d  
3 * x * J* y  i  T o r 2n (B) .
L e t  K = fz e H2n ( B ; Z ) j i * ( z )  e T o r 2n (aB )}  . Then we h a v e  
t h e  f o l l o w i n g  i n c l u s i o n s ,  T o r 2n (B) c  K , i m ( j * )  c  K c  l m ( J * )
* *
f o r  a ^ i ^ f z )  = 0  and  L = i m ( J ^ ) / [ T o r 2n (B) fl I m f J ^ ) ]  a  
K / T o r ^ f B )  c  i m ( J * )  .
The d u a l  l a t t i c e  I r  c  i m ( J  ) w i l l  h e  c h a r a c t e r i z e d  i n
t h e  f o l l o w i n g  lem m a.
Lemma 3 • 2 . L e t  L s  i m ( j * ) / [ T o r 2n (B )n  i m ( j * ) ]  a s  d e s c r i b e d  
a b o v e .  Then = K / T o r 2n (B) .
P r o o f . S uppose  z e K a n d  z i s  n o t  a  t o r s i o n  e l e m e n t ,  t h e r e
i s  z e H (B,aB$Q) w i t h  J  (z* ) = 6 H (B^Q) , w h e re
a 2  i s  an  e m b e d d in g  f r o m  H2 n ( B j Z ) / T o r  t o  H2n (B;Q) . I f  
x  e i m ( j  ) a n d  i s  n o t  a  t o r s i o n  e l e m e n t ,  t h e n  t h e r e  e x i s t s  
x* e H2n ( B ,a B ;Z )  w i t h  j * ( x * )  = x  . We g e t  p ( x , y )  =
,w . * 1 \ » I ,  - „ , 1 * / 1 \ \ np ( j  x  , J  z ) = e * [  (x u  z ) n  a4 r ) ] = e* [  (x u  J  (z  ) ) ^  a4 n ] = 
e * t  (x 'u  z ) n  a4 n l * va- lue  o f  e # . [ ( x ' u  z ) a  ^4 ^1  b e l o n g s  t o
> ji
Z b e c a u s e  x a n d  z a r e  b o t h  i n t e g r a l  c l a s s e s .  So z e LT .
■K- I JL
C o n v e r s e l y ,  s u p p o s e  J  (z ) = z e LT . Then f o r  a l l  
x '  e H2n ( B ,a B jZ )  w i t h  j * ( x ' )  -  x  , we h a v e  p (J*  ( z ' ) ,  j *  (x* ) )
P ( J * ( z ' ) , x )  e Z . B u t  0 ( J * ( z '  ) ,  j * ( x ' ) )  = e # [ ( z ' u  x ' j r k a ^ ]  =
e # [ (z  u x ’ ) n  a^n ] . F o r  a n y  x '  e H2n ( B ,a B ;Z )  = H2n (B ;Z )  ,
f f Pn f t  f
L e f s c h e t z  d u a l i t y ,  t h e r e  i s  z e H (B ;Z )  w i t h  0 (z , x  ) =
P ( J * ( z  ) j J * ( x ' ) )  • B e c a u s e  p ( z ' ! , x ' )  = e # f (z ' x ' )  r\ o^n ] a n d
| # I I
b e c a u s e  p ( J  (z  ) , j  (x ) )  = e ^ [ ( z u x  ) r » 04n l # we o b t a i n
* ,  t . * ,  t i . p,-, , . *  , . *  * ,  i v
z = J  (z  ) = a 2 (z  ) e H (B;Q) . Now, I  ( z )  = I  J  (z  ) = 0 -
# * .  n ,  #  . i i .  2 n  / , 11
I  a-2 (z  ) , t h u s  i  (z  ) e T o r  (SB) . T h e r e f o r e ,  z e K
a n d  J  (z  ) e K / T o r 2n (B) . T h i s  p r o v e s  = K / T o r 2n (B) .
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Theorem  3 - 3 . L e t  T o r 2n (B) = T o r  H2n (B jZ)  . L e t  
L = i m ( j * ) / [ T o r 2 n (B)n
be  a  Z - l a t t i c e  o f  i m ( J  ) a s  i n  t h e  d i a g r a m  ( c . l ) .  I f  L^  i s  
t h e  d u a l  l a t t i c e  o f  L , t h e n
L#/L = [K/Tor2n(B)]/[im(j*)/Tor2n(B)n im(j*)] , which is the 
image of w(vsB) = <ir;im(J )> under the boundary operator 
3 : W(tt;Q) -> W (t t ;T(Q/Z)}  .
P r o o f . By C h a p ter  I I I ,  s e c t i o n  2 ,  t h e  im age o f  w(7r;B) u n d e r  
t h e  b o u n d a r y  homomorphism i s  < tt;L & /L >  ,  i . e . ,  
d(w(7rjB) )  = < ir ;L # /L >  e W(tt5T ( Q / Z ) )  .
§4.  The T o r s i o n  Module A1/ A  f r o m  t h e  M a n i f o l d  O n ly
Prom T heorem  3 .3 *  we h a v e  5 (w ( i r j B ) ) = < t t ;L ^ /L >  e W (t t ;T (Q /z )  }, 
w h e re  L^ i s  t h e  d u a l  l a t t i c e  o f  L a s  d e s c r i b e d  i n  T heorem  3 *3 .
' lir-i 1
On t h e  o t h e r  h a n d ,  i f  M i s  t h e  b o u n d a r y  o f  4 n - m a n i f o l d
 ̂n
B , t h e n ,  f r o m  Theorem 2 .3 *  we h a v e  a n o t h e r  i n n e r  p r o d u c t
pn
t o r s i o n  m odule  w i t h  i r - a c t i o n  (v^Tor (M)) , w h ose  W it t  c l a s s  i s  
d e n o t e d  b y  w(7r;M) . Our m ain  r e s u l t  i s  t h a t
a (w ( i r ;B ) )  = w(TrjaB) s  w(7r^M) .
I n  o r d e r  t o  r e a c h  t h i s  g o a l  we w i l l  i n t r o d u c e  an i n n e r  
p r o d u c t  t o r s i o n  m odule  i n  t h i s  s e c t i o n  t o  c o n n e c t  t h e s e  two 
W i t t  c l a s s e s .
From t h e  d i a g r a m  ( c . l ) *  we h a v e  i* ( K )  c  T o r 2n (aB) , 
a nd  i * ( T o r 2n (B ) )  c: i*{K )  c  T o r 2n (aB) . The i n n e r  p r o d u c t
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(T o r  ( d B ) , p )  h a s  b e e n  d e f i n e d  i n  s e c t i o n  2 ,  and  w i t h  v a l u e s  
i n  Q/Z .
Lemma 4 . 1 . L e t  A = i ^ T o r ^ f B ) )  and  so  Ax = ( i *  ( T o r 2n ( B ) ) ) J* .
Then A1 = i* ( K )  .
P r o o f .  L e t  x  e T o r 2n (9 B) , b u t  x  /  i * ( K )  . We w i l l  p r o v e
x 4  A1 . Under  6 :H2n (aB ;Z )  -♦ H2n+1  (B ,dB ;Z )  , we s e e  t h a t
fix /  0 i s  a  n o n z e r o  t o r s i o n  c l a s s .  By L e f s c h e t z  d u a l i t y ,  t h e r e  
e x i s t s  z e H2n _ 1 (B5^ / Z )  f o r  w h ic h  e*[  (z 0  fix) n t f y  ] /  0 , 
w here  G H4 n (B*dBjZ) i s  t h e  o r i e n t a t i o n  c l a s s .  But  t h e r e
i s  i * : H 2n - 1 ( B ; a / Z) ■+ H2n “ 1 (aB iQ /Z )  and  p ( b * i * ( z ) , x )  = 
e # [ ( i * ( z ) Wx ) A  3 0 ^ ]  • S i n c e  i * [  ( i *  ( z )  v  x )  a  ] =
[ 6 i  ( z ) u x  + ( - l ) 2n (z*> f i x ) ] a  a^n  = ( z u 5x ) n  a n d  s i n c e
€*[ ( z u  6x ) r v  o^n ] /  0  i m p l i e s  ( z v 6x ) n  q^n /  0 , we have
"X* x
(1 ( z ) u x ) r \  a a ^ n /  0  . T h e r e f o r e  p ( b  i  ( z ) , x )  = 
e # [ ( i * ( z ) U x ) f t a o ^ n ] /  0 . B e c a u s e  b * i * ( z )  e i * ( T o r 2n ( B ) ) a nd  
P ( b * i * ( z ) , x )  /  0 , we h a v e  t h a t  i f  x /  i * ( K )  , t h e n  x /  A1 . 
T h i s  p r o v e s  A1 c  i * ( K )  .
# . . . . On . .
Now s u p p o s e  u e K a n d  i  (u )  € i  (K) . L e t  v  e T o r  (B) ,
t h e r e  i s  z e H2n - ^ ( B j Q / 2 )  w i t h  b * i * ( z )  = i * ( v )  . So
p ( i * ( v ) , i * ( u ) ) = e # [ ( i * ( z ) u  i * ( u ) )  a  3 c t ^ ]  . S i n c e  i * ( z v / u )  =
i  ( z ) u  i  (u )  and  = 0 e '  we o b t a i n
i # ( i * ( z  v  u ) a  dcr^n ) = ( z u u J a I ^  = 0 . Hence 0 ( i * ( v ) , i * ( u ) )  =
0 f o r  a l l  i * ( v )  e i * ( T o r 2n (B ))  = A . T h e r e f o r e ,  i * ( u )  e A1 .
, * ,  .
T h i s  p r o v e s  t h e  lemma t h a t  A = i  (K) .
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As we know, T o r 2n (B) c  K i ^ f T o r ^ f B ) )  <= i * ( K )  . I t
f o l l o w s  t h a t  A = i * ( T o r 2 n ( B ) ) c  i * ( K )  = A x . P rom  Lemma 3 . 2  
o f  C h a p t e r  I ,  we know A x/ A  h a s  a  n o n - s i n g u l a r  i n n e r  p r o d u c t  
s t r u c t u r e .  So ( i r ;A x/ A )  f o r m s  a  n o n s i n g u l a r  I n n e r  p r o d u c t  
t o r s i o n  m o d u le  w i t h  f i n i t e  g r o u p  a c t i o n  ir , w h o s e  W i t t  c l a s s  
i s  <ir;Ax/A>  e W ( t t ;T ( Q /Z ) )  . F u r t h e r m o r e ,  f r o m  Lemma 3 . 3  o f  
C h a p t e r  I  a n d  Lemma 1 . 4  o f  C h a p t e r  IV ,  we know w(ir;%B)  =
< i r ; T o r 2ri (dB)> = <Tr;AJ>  •
§5 . C o i n c i d e n c e  o f  W i t t  c l a s s e s  o f  T o r s i o n  M o d u l e s
T h e  W i t t  c l a s s  <ir;Ax/A>  I n  s e c t i o n  4 a n d  t h e  W i t t  c l a s s  
Pn<Tr;Tor (dB)> i n  s e c t i o n  2 a r e  e q u a l  w h i c h  f o l l o w s  I m m e d i a t e l y  b y  
Lemma 1 . 4  o f  C h a p t e r  IV  a n d  Lemma 3 . 3  o f  C h a p t e r  I  s i n c e  A i s  
i r - i n v a r i a n t . I f  we c a n  p r o v e  t h e  f o l l o w i n g  Lemma 5 . 1  t h a t  
( v ;  L # A )  i n  s e c t i o n  3 i s  e q u i v a r i a n t  i s o m e t r i c  w i t h  ( i r ;A x/ A ) , 
t h e n  T h e o r e m  5 * 2  w i l l  f o l l o w  i m m e d i a t e l y .
2 n
Lemma 5 . 1 . L e t  A, L ,  K a n d  T o r  (B) be d e f i n e d  a s  I n  t h e  
p r e v i o u s  s e c t i o n s .  Then t h e r e  i s  a n  e q u i v a r i a n t  i s o m e t r y :
L # / L  3  i * ( K ) / i * ( T o r 2n ( B ) )  s  Ax/ A  .
Once we p r o v e  Lemma 5*1* we w i l l  h a v e  t h e  b e a u t i f u l  r e s u l t  t h a t  t h e  
t h r e e  m o d u l e s  d e s c r i b e d  i n  s e c t i o n  2 , 3  a n d  4, r e s p e c t i v e l y , b e l o n g  
t o  t h e  same W i t t  c l a s s  i n  W ( i r j T ( Q /Z ) ) ,  I . e . ,  we h a v e  t h e  
f o l l o w i n g  m ain  t h e o r e m :
T heo rem  5 . 2 .  L e t  b o u n d  (7/ ; B ^ n ) a s  a  g r o u p  a c t i o n .
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Suppose  T o r 2n (M) = T o r  H2n (M;Z) , t h e  t o r s i o n  su b g ro u p  o f
H2n (M;Z),  w i t h  i n n e r  p r o d u c t  d e f i n e d  b y  | 3 ( x , y )  =
e # [ ( z y y ) n a ]  , w h e re  b i s  t h e  B o c k s t e i n  homomorphism w i t h  
* / \Id ( z )  = x  j i s  t h e  a u g m e n t a t i o n  homomorphism, and
a e Ĥ n _ 1 (MjZ) t h e  o r i e n t a t i o n  c l a s s .  D e n o te  <Tr;Tor (M)> 
by  w(tt;M) e W(ir$T(cyrZ ) ) . And, l e t  J * ( H 2n ( B ; a B ; Q ) ) c H 2n (B;Q) 
be t h e  i n n e r  p r o d u c t  v e c t o r  s p a c e  o v e r  Q d e f i n e d  by  
0 ( J * ( x ) , J * ( y ) )  = ^ [ ( x o y j n a ^ ]  e Q , w h e r e  a^n e H^n (B,aB;Q) , 
t h e  o r i e n t a t i o n  c l a s s .  D e n o te  < i r ; im ( J  )> -  w (7r ;B)  e W(tt;Q) . 
T hen ,  u n d e r  t h e  b o u n d a r y  homomorphism 3 :W(7T$Q) -♦ W (t t ;T(Q/Z))  , 
we h a v e
a ( w ( i r j B ) )  =  w(7TjM) = w ( i r ; a B )  .
P r o o f . T heorem  3*3 s a y s  t h a t
d (w (t t;B) } = 3 (< T r ; im (J* )> )  = < t t ;L * /L>  •
Lemma 5*1 s a y s  t h a t  = <tt'3A x/A>  . T h e r e f o r e ,  s i n c e
<tt'3Ax/A>  = < i r ;T o r 2n (M)> = w(7r;M) ,  we h a v e
3 (w(irsB)) = <ir ;L*/L> = <ir;Ax/A> = <7r ; T o r 2n (M)> = w(tt;M) .
P r o o f  o f  Lemma 5 « 1 »
AVA = i *  ( K ) / i *  ( T o r 2n (B) ) = [ K / k e r  ( i *  |K) ] / i *  (T o r 2n ( B ) )
= [ K / k e r ( i * | K ) ] / [ T o r 2n ( B ) / k e r ( i * ( T o r 2n ( B ) ]
~  [ K / ( i m ( tj*) n K ) ] / [ T o r 2n ( B ) / i m ( j * )  fl T o r 2n (B)]
~  [ K / i m f j * )  ] / [ T o r 2n ( B ) / im (  j * )  fl T o r 2n (B )]
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~  [ K / T o r 2n ( B ) ] / [ i m ( j * ) / T o r 2n (B) n i m ( j * ) ]  = L * / L  .
So Ax/ A  i s  i s o m o r p h i c  t o  L ^ /L  . Now, t o  p r o v e  t h e  e q u i ­
v a r i a n t  i s o m e t r y .  L e t  ( L ^ / L , ^ )  a n d  ( i * ( K ) / i * ( T o r 2n ( B ) , P 2 ) 
be two i n n e r  p r o d u c t  t o r s i o n  m o d u le s  a s  d e s c r i b e d  i n  s e c t i o n  3 
a n d  s e c t i o n  4 .  C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m
H2 n - l ^ aB;(y Z) ^  H2n " 1 (BiQ/Z) -♦ H2n _ 1 (aB ;Q /Z )  * H2n (B ,a B ;Q /Z )
^  j *  i *  ^  b* *
H n ( B ,a B ;Z )  ■*. H ^ B j Z )  -* H2n (aB ;Z )  H2n+J ' (B ,a B ;Z )
H2*1 (B ,a B ;Q )  J -> H2n (B;Q) -> H2n (aBjQ) *♦ H2n+1 (B ,aB jQ )  .
Su p p o se  u , v  e K , b u t  u , v  /  T o r 2n (B) , i . e . ,  u ,  v  € .
And, t h e  c o r r e s p o n d i n g  u , v  a r e  i n  L ^ /L  . We h a v e  t h e  f o l ­
l o w i n g  d i a g r a m
z -* 6 ( z )
* .  I * *
J  i  ;  
x -* u -* i  (u )
y ** v  -+ i * ( v )  .
I n  ( L * , ^ )  , we h av e  P - ^ / v )  = p ^ ( J * ( x ) , J * ( y ) ) = 
e # [ ( x y y ) n o ^ n ] , w h e re  o^n e H^n ( B ,a B jZ )  t h e  o r i e n t a t i o n  
c l a s s .  S i n c e  ( L ^ / L , ^ )  i s  w i t h  v a l u e s  i n  Q / z  , i f  we p a s s  
t h e  cohom ology  c l a s s e s  t o  Q/z , t h e n  P j ( u ,  v)  = 
e # [ ( 6 z u y ) / \  o^n ] = e # [ ( 6 z y  v ) a  a ^ ]  . On t h e  o t h e r  h a n d ,  i f  
P2  i s  t h e  i n n e r  p r o d u c t  on i * ( K ) / i * ( T o r 2n ( B ) ) , t h e n  
P 2 ( i * ( u ) , i * ( v ) )  = e j ( z « l * ( v ) ) n a a ^ n ] w i t h  b * ( z )  = i * ( u )  .
Thus p 2 ( i * ( u ) , i * ( v ) ) = € * [ ( f i z U v ) o  o^n ] . So
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P 2 ( i * ( u ) , i * ( v ) )  = ^ ( ^ v )  . T h i s  p r o v e s  L ^ /L  a nd  
i * ( K ) / i * ( T o r 2 n ( B ) ) s  Ax/ A  a r e  e q u i v a r i a n t  i s o m e t r i c .
C o r o l l a r y  5 . 3 . L e t  a n d  (t tjB^11) a s  i n  Theorem 5 . 2 .
S uppose  w(7r;M^n_^ )  ^  0 , t h e n  i f  b o u n d s  on
(v ;B ^ n ) , t h e n  t h e  im ag e  o f  j *  rH211 (B ,aB ;Z )  -» H2 n (B;Z)  c a n n o t
b e  a  d i r e c t  summand.
P r o o f . I f  i m f j * )  i s  a  d i r e c t  summand, t h e n  K = T o r 2 n (B) ©
im ( j  *)  . So K / i m ( j * )  ^  T o r 2 n (B) and
[ K / T o r 2 n ( B ) ] / [ i m ( 5 * ) / T o r 2 n (B )n  im ( ' J * ) ]  = 0 . Hence  L * /L  = 0 , 
and  t h e r e f o r e  < i r jL^ /L>  = 0 . I t  s a y s  w(ttjM) = <ir ;L^/L> = 0 , 
a  c o n t r a d i c t i o n  t o  w(tt;M) ^  0 .
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